Isometry groups of non-positively curved spaces: structure theory by Caprace, P. -E. & Monod, N.
ar
X
iv
:0
80
9.
04
57
v2
  [
ma
th.
GR
]  
8 J
an
 20
09
ISOMETRY GROUPS OF NON-POSITIVELY CURVED SPACES:
STRUCTURE THEORY
PIERRE-EMMANUEL CAPRACE* AND NICOLAS MONOD
‡
Abstrat. We develop the struture theory of full isometry groups of loally ompat
non-positively urved metri spaes. Amongst the disussed themes are de Rham deom-
positions, normal subgroup struture and haraterising properties of symmetri spaes
and BruhatTits buildings. Appliations to disrete groups and further developments on
non-positively urved latties are exposed in a ompanion paper [CM08b℄.
1. Introdution
Non-positively urved metri spaes were introdued by A. D. Alexandrov [Ale57℄ and
popularised by M. Gromov, who alled them CAT(0) spaes. Their theory oers a wide
gateway to a form of generalised dierential geometry, whose objets enompass Riemannian
manifolds of non-positive setional urvature as well as large families of singular spaes
inluding Eulidean buildings and many other polyhedral omplexes. It has found a wide
range of appliations to various elds, inluding semi-simple algebrai and arithmeti groups,
and geometri group theory.
A reurrent theme in this area is the interplay between the geometry of a loally ompat
CAT(0) spae X and the algebrai properties of a disrete group Γ ating properly on X by
isometries. This interation is expeted to be espeially rih and tight when the Γ-ation
is oompat; the pair (X,Γ) is then alled a CAT(0) group. The purpose of the present
paper and its ompanion [CM08b℄ is to highlight the rle of a third entity through whih
the interation between X and Γ transits: namely the full isometry group Is(X) of X.
The topology of uniform onvergene on ompata makes Is(X) a loally ompat seond
ountable group whih is thus anonially endowed with Haar measures. It therefore makes
sense to onsider latties in Is(X), i.e. disrete subgroups of nite invariant ovolume; we
all suh pairs (X,Γ) CAT(0) latties (thus CAT(0) groups are preisely uniform CAT(0)
latties). This immediately suggests the following two-step programme:
(I) To develop the basi struture theory of the loally ompat group Is(X) and dedue
onsequenes on the overall geometry of the underlying proper CAT(0) spae X.
This is the main purpose of the present paper.
(II) To study CAT(0) latties and thus in partiular CAT(0) groups by building upon
the struture results of the present paper, using new geometri density and super-
rigidity tehniques. This is arried out in the subsequent paper [CM08b℄.
We now proeed to desribe the main results of this rst part in more detail. First,
in  1.A, we present results in the speial ase of geodesially omplete CAT(0) spaes,
i.e. spaes in whih every geodesi segment an be extended to a bi-innite geodesi line 
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whih need not be unique. Important examples of geodesially omplete spaes are provided
by BruhatTits buildings and of ourse Hadamard manifolds, e.g. symmetri spaes.
The seond and longer part of the Introdution,  1.B, will present results valid for arbi-
trary loally ompat CAT(0) spaes. In either ase, the entire ontents of the Introdution
rely on more general, more detailed but probably also more umbrous statements proved in
the ore of the text.
1.A. Spaes with extensible geodesis. The onlusions of several results beome espe-
ially lear and perhaps more striking in the speial ase of geodesially omplete CAT(0)
spaes. Beyond Eulidean buildings and Hadamard manifolds, we reall that a omplete
CAT(0) spae that is also a homology manifold has automatially extensible geodesis [BH99,
II.5.12℄. Note also that it is always possible to artiially make a CAT(0) spae geodesially
omplete by gluing rays, though it is not always possible to preserve properness (onsider a
ompat but total set in an innite-dimensional Hilbert spae).
Deomposing CAT(0) spaes into produts of symmetri spaes and loally nite
ell omplexes. Prototypial examples of loally ompat CAT(0) spaes are mainly
provided by the following two soures.
 Riemannian manifolds of non-positive setional urvature, whose most prominent
representatives are the Riemannian symmetri spaes of non-ompat type. These
spaes are regular in the sense that any two geodesi segments interset in at most
one point. The full isometry group of suh a spae is a Lie group.
 Polyhedral omplexes of pieewise onstant non-positive urvature, suh as trees
or Eulidean buildings. These spaes are singular in the sense that geodesis do
branh. The subgroup of the isometry group whih preserves the ell struture is
totally disonneted.
The following result seems to indiate that a CAT(0) spae often splits as a produt of
spaes belonging to these two families.
Theorem 1.1. Let X be a proper geodesially omplete CAT(0) spae whose isometry group
ats oompatly without xed point at innity. Then X admits an Is(X)-equivariant split-
ting
X = M ×Rn × Y,
where M is a symmetri spae of non-ompat type and the isometry group Is(Y ) is totally
disonneted and ats by semi-simple isometries on Y (eah fator may be trivial).
Furthermore, the spae Y admits an Is(Y )-equivariant loally nite deomposition into
onvex ells, where the ell supporting a point y ∈ Y is dened as the xed point set of the
isotropy group Is(Y )y.
IfX is regular, then Is(Y ) is disrete. In other words, the spae Y has branhing geodesis
as soon as Is(Y ) is non-disrete. We refer to Theorem 1.6 and Addendum 1.8 below for a
version of the above without the assumption of extensibility of geodesis.
We emphasize that the `ells' provided by Theorem 1.1 need not be ompat; in fat
if Is(Y ) ats freely on Y then the deomposition in question beomes trivial and onsists
of a single ell, namely the whole of Y . Conversely the ell deomposition is non-trivial
provided Is(Y ) does not at freely. The most obvious way for the Is(Y )-ation not to be
free is if Is(Y ) is not disrete. A strong version of the latter ondition is that no open
subgroup of xes a point at innity ; this holds notably for symmetri spaes and Bruhat
Tits buildings. A quite immediate onsequene of this ondition is that the above ells
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then neessarily ompat. We shall show that muh additional struture an be derived
from it (see Setion 7.D below).
.
Smoothness. The ell deomposition of the third fator in Theorem 1.1 is derived from
the following smoothness result for isometri ations of totally disonneted groups.
Theorem 1.2. Let X be a geodesially omplete proper CAT(0) spae X and G < Is(G) a
totally disonneted (losed) subgroup ating minimally.
The the pointwise stabiliser in G of every bounded set is open.
This property, whih is familiar from lassial examples, does in general fail without
geodesi ompleteness (see Remark 6.10 in [CM08b℄). It is an important ingredient for the
onsiderations of Setion 7.D alluded to above, as well as for angle rigidity results regarding
both the Alexandrov angle (Proposition 6.8) and the Tits angle (Proposition 7.15).
.
A haraterisation of symmetri spaes and Eulidean buildings. In symmetri
spaes and BruhatTits buildings, the stabilisers of points at innity are exatly the para-
boli subgroups; as suh, they are oompat. This oompatness holds further for all Bass
Serre trees, namely bi-regular trees. Combining our results with work of B. Leeb [Lee00℄
and A. Lythak [Lyt05℄, we establish a orresponding haraterisation.
Theorem 1.3. Let X be a geodesially omplete proper CAT(0) spae. Suppose that the
stabiliser of every point at innity ats oompatly on X.
Then X is isometri to a produt of symmetri spaes, Eulidean buildings and BassSerre
trees.
The Eulidean buildings appearing in the preeding statement admit an automorphism
group that is strongly transitive, i.e. ats transitively on pairs (c,A) where c is a hamber
and A an apartment ontaining c. This property haraterises the BruhatTits buildings,
exept perhaps for some two-dimensional ases where this is a known open question.
The above haraterisation is of a dierent nature and independent of the haraterisa-
tions using latties that will be presented in [CM08b℄.
.
Ations of simple algebrai groups. Both for the general theory and for the geometri
superrigidity/arithmetiity statements of the ompanion paper [CM08b℄, it is important to
understand how algebrai groups at on CAT(0) spaes.
Theorem 1.4. Let k be a loal eld and G be an absolutely almost simple simply onneted
k-group. Let X be a CAT(0) spae (not redued to a point) on whih G = G(k) ats
ontinuously and oompatly by isometries.
Then X is isometri to Xmodel, the Riemannian symmetri spae or BruhatTits building
assoiated with G.
A stronger and muh more detailed statement is provided below as Theorem 7.4. In
partiular, a modiation of the statement holds without extensibility of geodesis and the
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oompatness assumption an be relaxed. However, we also show there by means of two
examples that some assumptions remain neessary.
(As a point of terminology, we do not hoose a partiular saling fator on Xmodel, so
that the isometry of our statement ould beome a homothety for another model.)
.
1.B. General ase. When dealing with CAT(0) spae in the highest possible level of gen-
erality, one has to fae several tehnial diulties aused by the exibility of the CAT(0)
ondition. For example, given a CAT(0) spae X, there are many ways to deform it in order
to onstrut another spae Y , non-isometri to X, but with the property that X and Y
have isomorphi isometry groups or/and idential boundaries. Amongst the simplest on-
strutions, one an form (possibly warped) produts with ompat CAT(0) spaes or grow
hair equivariantly along a disrete orbit. Muh wilder (non-quasi-isometri) examples an
be onstruted for instane by onsidering warped produts with the very vast family of
CAT(0) spaes having no isometries and a unique point at innity.
In order to address these issues, we introdue the following terminology.
Minimality.
. . . ísa ti n eÒpoi sfara âgk¸mia, aÎt ta˜uta kaÈ falkra âgk¸mia diexèrqetai.
Sunèsio Kurenaou, Falkra âgk¸mion.
1
An isometri ation of a group G on a CAT(0) spae X is said to beminimal if there is no
non-empty G-invariant losed onvex subset X ′ ( X; the spae X is itself alledminimal if
its full isometry group ats minimally. A CAT(0) spae X is alled boundary-minimal if
it possesses no losed onvex subset Y ( X suh that ∂Y = ∂X. Here is how these notions
relate to one another.
Proposition 1.5. Let X be a proper CAT(0) spae.
(i) Assume ∂X nite-dimensional. If X is minimal, then it is boundary-minimal.
(ii) Assume Is(X) has full limit set. If X is boundary-minimal, then it is minimal.
(iii) If X is oompat and geodesially omplete, then it is both minimal and boundary-
minimal.
We emphasize that it is not true in general that a minimal CAT(0) spae is geodesially
omplete, even if one assumes that the isometry group ats oompatly and without global
xed point at innity.
.
Group deompositions. We now turn to struture results on the loally ompat isometry
group Is(X) of a proper CAT(0) spae X in a broad generality; we shall mostly ask that
no point at innity be xed simultaneously by all isometries of X. This non-degeneray
assumption will be shown to hold automatially in the presene of latties (see Theorem 3.11
in [CM08b℄).
The the following result was the starting point of this work.
1
Synesius of Cyrene, Falkra âgk¸mion (known as Calvitii enomium), end of Chapter 8 (at 72A in
the page numbering from Denis Pétau's 1633 edition). The Enomium was written around 402; we used the
1834 edition by J. G. Krabinger (Ch. G. Löund, Stuttgart). The above exerpt translates roughly to: as
muh praise as is given to the spheres is due to the bald head too.
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Theorem 1.6. Let X be a proper CAT(0) spae with nite-dimensional Tits boundary.
Assume that Is(X) has no global xed point in ∂X.
Then there is a anonial losed onvex Is(X)-stable subset X ′ ⊆ X suh that G =
Is(X ′) has a nite index open harateristi subgroup G∗ ✁ G whih admits a anonial
deomposition
(1.i) G∗ ∼= S1 × · · · × Sp ×
(
Rn ⋊O(n)
)
×D1 × · · · ×Dq (p, q, n ≥ 0)
where Si are almost onneted simple Lie groups with trivial entre and Dj are totally dis-
onneted irreduible groups with trivial amenable radial. Any produt deomposition of G∗
is a regrouping of the fators in (1.i).
Moreover, all non-trivial normal, subnormal or asending subgroups N < Dj are still
irreduible with trivial amenable radial and trivial entraliser in Dj . (These properties also
hold for latties in N and their normal, subnormal or asending subgroups, see [CM08b℄.)
(A topologial group is alled irreduible if no nite index open subgroup splits non-
trivially as a diret produt of losed subgroups. The amenable radial of a loally
ompat group is the largest amenable normal subgroup; it is indeed a radial sine the
lass of amenable loally ompat groups is stable under group extensions.)
Remarks 1.7.
(i) The nite-dimensionality assumption holds automatially when X has a oompat
group of isometries [Kle99, Theorem C℄. It is also automati for uniquely geodesi
spaes, e.g. manifolds (Proposition 7.11).
(ii) The onlusion fails in various ways if G xes a point in ∂X.
(iii) The quotient G/G∗ is just a group of permutations of possibly isomorphi fators
in the deomposition. In partiular, G = G∗ ⋊G/G∗.
(iv) The anonial ontinuous homomorphism Is(X) → Is(X ′) = G is proper, but its
image sometimes has innite ovolume.
In Theorem 1.6, the ondition that Is(X) has no global xed point at innity ensures the
existene of a losed onvex Is(X)-invariant subset Y ⊆ X on whih Is(X) ats minimally
(see Proposition 4.1). The set of these minimal onvex subsets possesses a anonial element,
whih is preisely the spae X ′ whih appears in Theorem 1.6. Proposition 1.5 explains why
the distintion between X and X ′ did not appear in Theorem 1.1.
.
De Rham deompositions. It is known that produt deompositions of isometry groups
ating minimally and without global xed point at innity indue a splitting of the spae (for
oompat Hadamard manifolds, this is the LawsonYau [LY72℄ and GromollWolf [GW71℄
theorem; in general and for more referenes, see [Mon06℄). It is therefore natural that
Theorem 1.6 is supplemented by a geometri statement.
Addendum 1.8. In Theorem 1.6, there is a anonial isometri deomposition
(1.ii) X ′ ∼= X1 × · · · ×Xp ×R
n × Y1 × · · · × Yq
where G∗ ats omponentwise aording to (1.i) and G/G∗ permutes any isometri fators.
All Xi and Yj are irreduible and minimal.
As it turns out, a geometri deomposition is the rst of two independent steps in the proof
of Theorem 1.6. In fat, we begin with an analogue of the de Rham deomposition [dR52℄
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whose proof uses (a modiation of) arguments from the generalised de Rham theorem of
FoertshLythak [FL06℄. In purely geometrial terms, we have the following statement.
Theorem 1.9. Let X be a proper boundary-minimal CAT(0) spae with ∂X nite-dimensional.
Then X admits a anonial maximal isometri splitting
X ∼= Rn ×X1 × · · · ×Xm (n,m ≥ 0)
with eah Xi irreduible and 6= R
0,R1. Every isometry of X preserves this deomposition
upon permuting possibly isometri fators Xi. Moreover, if X is minimal, so is every Xi.
To apply this theorem, it is desirable to know onditions ensuring boundary-minimality.
In addition to the onditions provided by Proposition 1.5, we show that a anonial boundary-
minimal subspae exists as soon as the boundary has irumradius > π/2 (Corollary 3.10).
In the seond part of the proof of Theorem 1.6, we analyse the irreduible ase where
X admits no isometri splitting, resulting in Theorem 1.10 to whih we shall now turn.
Combining these two steps, we then prove the unique deomposition of the groups, using
also the splitting theorem from [Mon06℄.
.
Geometry of normal subgroups. In É. Cartan's orrespondene between symmetri
spaes and semi-simple Lie groups as well as in BruhatTits theory, irreduible fators of
the spae orrespond to simple groups. For general CAT(0) spaes and groups, simpliity
fails of ourse very dramatially (free groups are perhaps the simplest, and yet most non-
simple, CAT(0) groups). Nonetheless, we establish a geometri weakening of simpliity.
Theorem 1.10. Let X 6= R be an irreduible proper CAT(0) spae with nite-dimensional
Tits boundary and G < Is(X) any subgroup whose ation is minimal and does not have a
global xed point in ∂X.
Then every non-trivial normal subgroup N✁G still ats minimally and without xed point
in ∂X. Moreover, the amenable radial of N and the entraliser ZIs(G)(N) are both trivial;
N does not split as a produt.
This result an for instane be ombined with the solution to Hilbert's fth problem in
order to understand the onneted omponent of the isometry group.
Corollary 1.11. Is(X) is either totally disonneted or an almost onneted simple Lie
group with trivial entre.
The same holds for any losed subgroup ating minimally and without xed point at in-
nity.
Amore elementary appliation of Theorem 1.10 uses the fat that elements with a disrete
onjugay lass have open entraliser.
Corollary 1.12. If G is non-disrete, N annot be a nitely generated disrete subgroup.
A feature of Theorem 1.10 is that is an be iterated and thus applies to subnormal
subgroups. Reall that more generally a subgroup H < G is asending if there is a
(possibly transnite) hain of normal subgroups starting with H and abutting to G. Using
limiting arguments, we bootstrap Theorem 1.10 and show:
Theorem 1.13. Let N < G be any non-trivial asending subgroup. Then all onlusions of
Theorem 1.10 hold for N .
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.
A few ases of superrigidity. Combining the preeding general struture results with
some of Margulis' theorems, we obtain the following superrigidity statement.
Theorem 1.14. Let X be a proper CAT(0) spae whose isometry group ats oompatly
and without global xed point at innity. Let Γ = SLn(Z) with n ≥ 3 and G = SLn(R).
For any isometri Γ-ation on X there is a non-empty Γ-invariant losed onvex subset
Y ⊆ X on whih the Γ-ation extends uniquely to a ontinuous isometri ation of G.
(The orresponding statement applies to all those latties in semi-simple Lie groups that
have virtually bounded generation by unipotents.)
Observe that the above theorem has no assumptions whatsoever on the ation; oom-
patness is an assumption on the given CAT(0) spae. It an happen that Γ xes points in
∂X, but its ation on Y is without xed points at innity and minimal (as we shall establish
in the proof).
The assumption on bounded generation holds onjeturally for all non-uniform irreduible
latties in higher rank semi-simple Lie groups (but always fails in rank one). It is known to
hold for arithmeti groups in split or quasi-split algebrai groups of a number eld K of K-
rank ≥ 2 by [Tav90℄, as well as in a few ases of isotropi but non-quasi-split groups [ER06℄;
see also [WM07℄.
More generally, Theorem 1.14 holds for (S-)arithmeti groups provided the arithmeti
subgroup (given by integers at innite plaes) satises the above bounded generation prop-
erty. For instane, the SLn example is as follows:
Theorem 1.15. Let X be a proper CAT(0) spae whose isometry group ats oompatly
and without global xed point at innity. Let m be an integer with distint prime fators
p1, . . . pk and set
Γ = SLn(Z[ 1m ]), G = SLn(R) × SLn(Qp1)× · · · × SLn(Qpk),
where n ≥ 3. Then for any isometri Γ-ation on X there is a non-empty Γ-invariant losed
onvex subset Y ⊆ X on whih the Γ-ation extends uniquely to a ontinuous isometri
ation of G.
We point out that a xed point property for similar groups ating on low-dimensional
CAT(0) ell omplexes was established by B. Farb [Far08℄.
Some of our general results also allow us to improve on the generality of the CAT(0) su-
perrigidity theorem for irreduible latties in arbitrary produts of loally ompat groups
proved in [Mon06℄. For ations on proper CAT(0) spaes, the results of lo. it. establish
an unrestrited superrigidity on the boundary but require, in order to dedue superrigidity
on the spae itself, the assumption that the ation be redued (or alternatively indeom-
posable).
We prove that, as soon as the boundary is nite-dimensional, any ation without global
xed point at innity is always redued after suitably passing to subspaes and diret fators.
It follows that the superrigidity theorem for arbitrary produts holds in that generality, see
Theorem 8.4 below.
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2. Notation and preliminaries
A metri spae is proper if every losed ball is ompat.
We refer to Bridson and Haeiger [BH99℄ for bakground on CAT(0) spaes. We reall
that the omparison angle ∠p(x, y) determined by three points p, x, y in any metri spae
is dened purely in terms of the orresponding three distanes by looking at the orrespond-
ing Eulidean triangle. In other words, it is dened by
d2(x, y) = d2(p, x) + d2(p, y)− 2d(p, y)d(p, y) cos∠p(x, y).
The Alexandrov angle ∠p(x, y) in a CAT(0) spae X is the non-inreasing limit of the
omparison angle near p along the geodesi segments [p, x] and [p, y], see [BH99, II.3.1℄. In
partiular, ∠p(x, y) ≤ ∠p(x, y). Likewise, geodesi rays from p determine the Alexandrov
angle ∠p(ξ, η) for ξ, η ∈ ∂X. The Tits angle ∠T(ξ, η) is dened as the supremum of
∠p(ξ, η) over all p ∈ X and has several useful haraterisations given in Proposition II.9.8
of [BH99℄.
Reall that to any point at innity ξ ∈ ∂X is assoiated the Busemann funtion
Bξ : X ×X → R : (x, y) 7→ Bξ,x(y)
dened by Bξ,x(y) = limt→∞(d(̺(t), y) − d(̺(t), x)), where ̺ : [0,∞) → X is any geodesi
ray pointing towards ξ. The Busemann funtion does not depend on the hoie of ̺ and
satises the following:
Bξ,x(y) = −Bξ,y(x)
Bξ,x(z) = Bξ,x(y) +Bξ,y(z) (the oyle relation)
Bξ,x(y) ≤ d(x, y).
Combining the denition of the Busemann funtion and of the omparison angle, we nd
that if r is the geodesi ray pointing towards ξ with r(0) = x, then for any y 6= x we have
lim
t→∞
cos∠x(r(t), y) = −
Bξ,x(y)
d(x, y)
(the asymptoti angle formula).
By abuse of language, one refers to a Busemann funtion when it is more onvenient to
onsider the onvex 1-Lipshitz funtion bξ : X → R dened by Bξ,x for some (usually
impliit) hoie of base-point x ∈ X. We shall simply denote suh a funtion by bξ in lower
ase; they all dier by a onstant only in view of the oyle relation.
The boundary at innity ∂X is endowed with the ne topology [BH99, II.8.6℄ as well
as with the (muh ner) topology dened by the Tits angle. The former is often impliitly
understood, but when referring to dimension or radius, the topology and distane dened
by the Tits angle are onsidered (this is sometimes emphasised by referring to the Tits
boundary). The later distane is not to be onfused with the assoiated length metri alled
Tits distane in the literature; we will not need this onept (exept in the disussions at
the beginning of Setion 7).
Reall that any omplete CAT(0) spae splits o a anonial maximal Hilbertian fator
(Eulidean in the proper ase studied here) and any isometry deomposes aordingly, see
Theorem II.6.15(6) in [BH99℄.
Normalisers and entralisers in a group G are respetively denoted by NG and ZG. When
some group G ats on a set and x is a member of this set, the stabiliser of x in G is denoted
by StabG(x) or by the shorthand Gx. For the notation regarding algebrai groups, we follow
the standard notation as in [Mar91℄.
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Finally, we present two remarks that will never be used below but give some ontext on
ertain frequent assumptions.
The rst remark is the following CAT(0) version of the HopfRinow theorem: Every
geodesially omplete loally ompat CAT(0) spae is proper. Surprisingly, we ould not
nd this statement in the literature (though a dierent statement is often referred to as the
HopfRinow theorem, see [BH99, I.3.7℄). As pointed out orally by A. Lythak, the above
result is readily established by following the strategy of proof of [BH99, I.3.7℄ and extending
geodesis.
The seond fat is that if a proper CAT(0) spae is nite-dimensional (in the sense
of [Kle99℄), then so is its Tits boundary (generalising for instane Proposition 7.11 below).
The argument is given in [CL08, Proposition 2.1℄ and may be outlined as follows. For any
sphere S in the spaeX, the visual map ∂X → S is Tits-ontinuous; if it were injetive, the
result would follow. However, it beomes injetive after replaing S with the ultraprodut
of spheres of unbounded radius by the very denition of the boundary; the ultraprodut
onstrution preserves the bound on the dimension, nishing the proof.
3. Convex subsets of the Tits boundary
3.A. Boundary subsets of small radius. Given a metri spae X and a subset Z ⊆ X,
one denes the irumradius of Z in X as
inf
x∈X
sup
z∈Z
d(x, z).
A point x realising the inmum is alled a irumentre of Z in X. The intrinsi ir-
umradius of Z is its irumradius in Z itself; one denes similarly an intrinsi irum-
entre. It is alled anonial if it is xed by every isometry of X whih stabilises Z. We
shall make frequent use of the following onstrution of irumentres, due to A. Balser and
A. Lythak [BL05, Proposition 1.4℄:
Proposition 3.1. Let X be a omplete CAT(1) spae and Y ⊆ X be a nite-dimensional
losed onvex subset. If Y has intrinsi irumradius ≤ π/2, then the set C(Y ) of intrinsi
irumentres of Y has a unique irumentre, whih is therefore a anonial (intrinsi)
irumentre of Y . 
Let now X be a proper CAT(0) spae.
Proposition 3.2. Let X0 ⊃ X1 ⊃ . . . be a nested sequene of non-empty losed onvex
subsets of X suh that
⋂
nXn is empty. Then the intersetion
⋂
n ∂Xn is a non-empty
losed onvex subset of ∂X of intrinsi irumradius at most π/2.
In partiular, if the Tits boundary is nite-dimensional, then
⋂
n ∂Xn has a anonial
intrinsi irumentre.
Proof. Pik any x ∈ X and let xn be its projetion to Xn. The assumption
⋂
nXn = ∅
implies that xn goes to innity. Upon extrating, we an assume that it onverges to
some point ξ ∈ ∂X; observe that ξ ∈
⋂
n ∂Xn. We laim that any η ∈
⋂
n ∂Xn satises
∠T(ξ, η) ≤ π/2. The proposition then follows beause (i) the boundary of any losed onvex
set is losed and π-onvex [BH99, II.9.13℄ and (ii) eah ∂Xn is non-empty sine otherwise
Xn would be bounded, ontraditing
⋂
nXn = ∅. When ∂X has nite dimension, there is
a anonial intrinsi irumentre by Proposition 3.1.
For the laim, observe that there exists a sequene of points yn ∈ Xn onverging to
η. It sues to prove that the omparison angle ∠x(xn, yn) is bounded by π/2 for all n,
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see [BH99, II.9.16℄. This follows from
∠xn(x, yn) ≥ ∠xn(x, yn) ≥ π/2,
where the seond inequality holds by the properties of the projetion on a onvex set [BH99,
II.2.4(3)℄. 
The ombination of the preeding two propositions has the following onsequene, whih
improves the results established by Fujiwara, Nagano and Shioya (Theorems 1.1 and 1.3
in [FNS06℄).
Corollary 3.3. Let g be a paraboli isometry of X. The following assertions hold:
(i) The xed point set of g in ∂X has intrinsi irumradius at most π/2.
(ii) If ∂X nite-dimensional, then the entraliser ZIs(X)(g) has a anonial global xed
point in ∂X.
(iii) For any subgroup H < Is(X) ontaining g, the (possibly empty) xed point set of
H in ∂X has irumradius at most π/2. 
Here is another immediate onsequene.
Corollary 3.4. Let G be a topologial group with a ontinuous ation by isometries on X
without global xed point. Suppose that G is the union of an inreasing sequene of ompat
subgroups and that ∂X is nite-dimensional. Then there is a anonial G-xed point in ∂X,
xed by all isometries normalising G.
Proof. Consider the sequene of xed point sets XKn of the ompat subgroups Kn. Its
intersetion is empty by assumption and thus Proposition 3.2 applies. 
Finally, we reord the following elementary fat, whih may also be dedued by means of
Proposition 3.2:
Lemma 3.5. Let ξ ∈ ∂X. Given any losed horoball B entred at ξ, the boundary ∂B
oinides with the ball of Tits radius π/2 entred at ξ in ∂X.
Proof. Any two horoballs entred at the same point at innity lie at bounded Hausdor dis-
tane from one another. Therefore, they have the same boundary at innity. In partiular,
the boundary ∂B of the given horoball oinides with the intersetion of the boundaries of
all horoballs entred at ξ. By Proposition 3.2, this is of irumradius at most π/2; in fat
the proof of that proposition shows preisely that the set is ontained in the ball of radius
at most π/2 around ξ.
Conversely, let η ∈ ∂X be a point whih does not belong to ∂B. We laim that ∠T(ξ, η) ≥
π/2. This shows that every point of ∂X at Tits distane less than π/2 from ξ belongs to
∂B. Sine the latter is losed, it follows that ∂B ontains the losed ball of Tits radius π/2
We turn to the laim. Let bξ be a Busemann funtion entred at ξ. Sine every geodesi
ray pointing towards η esapes every horoball entred at ξ, there exists a ray ̺ : [0,∞)→ X
pointing to η suh that bξ(̺(0)) = 0 and bξ(̺(t)) > 0 for all t > 0 (atually, this inreases
to innity by onvexity). Let c : [0,∞) → X be the geodesi ray emanating from ̺(0) and
pointing to ξ. We have ∠T(ξ, η) = limt,s→∞∠̺(0)(̺(t), c(s)), see [BH99, II.9.8℄. Therefore
the laim follows from the asymptoti angle formula (Setion 2) by taking y = c(s) with s
large enough. 
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3.B. Subspaes with boundary of large radius. As before, let X be a proper CAT(0)
spae. The following result improves Proposition 2.2 in [Lee00℄:
Proposition 3.6. Let Y ⊆ X be a losed onvex subset suh that ∂Y has intrinsi ir-
umradius > π/2. Then there exists a losed onvex subset Z ⊆ X with ∂Z = ∂Y whih
is minimal for these properties. Moreover, the union Z0 of all suh minimal subspaes is
losed, onvex and splits as a produt Z0 ∼= Z × Z
′
.
Proof. If no minimal suh Z existed, there would be a hain of suh subsets with empty
intersetion. The distane to a base-point must then go to innity and thus the hain on-
tains a ountable sequene to whih we apply Proposition 3.2, ontraditing the assumption
on the irumradius.
Let Z ′ denote the set of all suh minimal sets and Z0 =
⋃
Z ′ be its union. As in [Lee00,
p. 10℄ one observes that for any Z1, Z2 ∈ Z
′
, the distane z 7→ d(z, Z2) is onstant on Z1
and that the nearest point projetion pZ2 restrited to Z1 denes an isometry Z1 → Z2.
By the Sandwih Lemma [BH99, II.2.12℄, this implies that Z0 is onvex and that the map
Z ′×Z ′ → R+ : (Z1, Z2) 7→ d(Z1, Z2) is a geodesi metri on Z
′
. As in [Mon06, Setion 4.3℄,
this yields a bijetion α : Z0 → Z×Z
′ : x 7→ (pZ(x), Zx), where Zx is the unique element of
Z ′ ontaining x. The produt of metri spaes Z ×Z ′ is given the produt metri. In order
to establish that α is an isometry, it remains as in [Mon06, Proposition 38℄, to trivialise
holonomy; it the urrent setting, this is ahieved by Lemma 3.7, whih thus onludes the
proof of Proposition 3.6. (Notie that Z0 is indeed losed sine otherwise we ould extend
α−1 to the ompletion of Z × Z ′.) 
Lemma 3.7. For all Z1, Z2, Z3 ∈ Z
′
, we have pZ1 ◦ pZ3 ◦ pZ2 |Z1 = IdZ1.
Proof of Lemma 3.7. Let ϑ : Z1 → Z1 be the isometry dened by pZ1 ◦ pZ3 ◦ pZ2 |Z1 and let
f be its displaement funtion. Then f : Z1 → R is a non-negative onvex funtion whih
is bounded above by d(Z1, Z2)+ d(Z2, Z3) + d(Z3, Z1). In partiular, the restrition of f to
any geodesi ray in Z1 is non-inreasing. Therefore, a sublevel set of f is a losed onvex
subset Z of Z1 with full boundary, namely ∂Z = ∂Z1. By denition, the subspae Z1 is
minimal with respet to the property that ∂Z1 = ∂Y and hene we dedue Z = Z1. It
follows that the onvex funtion f is onstant. In other words, the isometry ϑ is a Cliord
translation. If it is not trivial, then Z1 would ontain a ϑ-stable geodesi line on whih ϑ
ats by translation. But by [BH99, Lemma II.2.15℄, the restrition of ϑ to any geodesi line
is the identity. Therefore ϑ is trivial, as desired. 
Let Γ be a group ating on X by isometries. Following [Mon06, Denition 5℄, we say that
the Γ-ation is redued if there is no unbounded losed onvex subset Y ( X suh that
g.Y is at nite Hausdor distane from Y for all g ∈ Γ.
Corollary 3.8. Let X be a proper irreduible CAT(0) spae with nite-dimensional Tits
boundary, and Γ < Is(X) be a subgroup ating minimally without xed point at innity.
Then the Γ-ation is redued.
Proof. Suppose for a ontradition that the Γ-ation on X is not redued. Then there exists
an unbounded losed onvex subset Y ( X suh that g.Y is at nite Hausdor distane
from Y for all g ∈ Γ. In partiular ∂Y is Γ-invariant. By Proposition 3.1, it must have
intrinsi irumradius > π/2. Proposition 3.6 therefore yields a anonial losed onvex
subset Z0 = Z × Z
′
with ∂(Z × {z′}) = ∂Y for all z′ ∈ Z ′; learly Z0 is Γ-invariant and
hene we have Z0 = X by minimality. Sine X is irreduible by assumption, we dedue
X = Z and hene X = Y , as desired. 
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3.C. Minimal ations and boundary-minimal spaes. Boundary-minimality and min-
imality, as dened in the Introdution, are two possible ways for a CAT(0) spae to be
non-degenerate, as illustrated by the following.
Lemma 3.9. Let X be a omplete CAT(0) spae.
(i) A group G < Is(X) ats minimally if and only if any ontinuous onvex G-invariant
funtion on X is onstant.
(ii) If X is boundary-minimal then any bounded onvex funtion on X is onstant.
Proof. Neessity in the rst assertion follows immediately by onsidering sub-level sets
(see [Mon06, Lemma 37℄). Suieny is due to the fat that the distane to a losed onvex
set is a onvex ontinuous funtion [BH99, II.2.5℄. The seond assertion was established in
the proof of Lemma 3.7. 
Proposition 3.6 has the following important onsequene:
Corollary 3.10. Let X be a proper CAT(0) spae. If ∂X has irumradius > π/2, then X
possesses a anonial losed onvex subspae Y ⊆ X suh that Y is boundary-minimal and
∂Y = ∂X.
Proof. Let Z0 = Z × Z
′
be the produt deomposition provided by Proposition 3.6. The
group Is(X) permutes the elements of Z ′ and hene ats by isometries on Z ′. Under the
present hypotheses, the spae Z ′ is bounded sine ∂Z = ∂X. Therefore it has a irumentre
z′, and the bre Y = Z × {z′} is thus Is(X)-invariant. 
Proposition 3.11. Let X be a proper CAT(0) spae whih is minimal. Assume that ∂X
has nite dimension. Then ∂X has irumradius > π/2 (unless X is redued to a point).
In partiular, X is boundary-minimal.
The proof of Proposition 3.11 requires some preliminaries. Given a point at innity ξ,
onsider the Busemann funtion Bξ; the oyle property (realled in Setion 2) implies in
partiular that for any isometry g ∈ Is(X) xing ξ and any x ∈ X the real number Bξ,x(g.x)
is independent on the hoie of x and yields a anonial homomorphism
βξ : Is(X)ξ −→ R : g 7−→ Bξ,x(g.x)
alled the Busemann harater entred at ξ.
Given an isometry g, it follows by the CAT(0) property that infn≥0 d(g
nx, x)/n oinides
with the translation length of g independently of x. We all an isometry ballisti when
this number is positive. An important fat about a ballisti isometry g of any omplete
CAT(0) spae X is that for any x ∈ X the sequene {gn.x}n≥0 onverges to a point ηg ∈ ∂X
independent of x; ηg is alled the (anonial) attrating xed point of g in ∂X. Moreover,
this onvergene holds also in angle, whih means that lim∠x(g
nx, r(t)) vanishes as n, t→∞
when r : R+ → X is any ray pointing to ηg. This is a (very) speial ase of the results
in [KM99℄.
Lemma 3.12. Let ξ ∈ X and g ∈ Is(X)ξ be an isometry whih is not annihilated by the
Busemann harater entred at ξ. Then g is ballisti. Furthermore, if βξ(g) > 0 then
∠T(ξ, ηg) > π/2.
Proof. We have βξ(g) = Bξ,x(g.x) ≤ d(x, g.x) for all x ∈ X. Thus g is ballisti as soon as
βξ(g) is non-zero.
Assume βξ(g) > 0 and suppose for a ontradition that ∠T(ξ, ηg) ≤ π/2. Choose x ∈ X
and let ̺, σ be the rays issuing from x and pointing towards ξ and ηg respetively. Reall
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from [BH99, II.9.8℄ that ∠T(ξ, ηg) = limt,s→∞∠x(̺(t), σ(s)). The onvergene in diretion
of gnx implies that this angle is also given by limt,n→∞∠x(̺(t), g
nx). Sine βξ(g) > 0 we
an x n large enough to have
cos lim inf
t→∞
∠x(̺(t), g
nx) > −
βξ(g)
d(gx, x)
.
We now apply the asymptoti angle formula from Setion 2 with y = gnx and dedue that the
left hand side is −βξ(g
nx)/d(gnx, x). Sine βξ(g
nx) = nβξ(gx) and d(g
nx, x) ≤ nd(gx, x),
we have a ontradition. 
Proof of Proposition 3.11. We an assume that ∂X is non-empty sine otherwise X is a
point by minimality. Suppose for a ontradition that its irumradius is ≤ π/2. Then Is(X)
possesses a global xed point ξ ∈ ∂X and ξ is a irumentre of ∂X, see Proposition 3.1.
Lemma 3.12 implies that Is(X) = Is(X)ξ is annihilated by the Busemann harater entred
at ξ. Thus Is(X) stabilises every horoball, ontraditing minimality. 
We shall use repeatedly the following elementary fat.
Lemma 3.13. Let G be a group with an isometri ation on a proper geodesially omplete
CAT(0) spae X. If G ats oompatly or more generally has full limit set, then the ation
is minimal. (This holds more generally when ∆G = ∂X in the sense of Setion 4.B below.)
Proof. Let Y ⊆ X be a a non-empty losed onvex invariant subset, hoose y ∈ Y and
suppose for a ontradition that there is x /∈ Y . Let r : R+ → X be a geodesi ray starting
at y and going through x. By onvexity [BH99, II.2.5(1)℄, the funtion d(r(t), Y ) tends to
innity and thus r(∞) /∈ ∂Y . This is absurd sine ∆G ⊆ ∂Y . 
Proof of Proposition 1.5. (i) See Proposition 3.11.
(ii) Sine Is(X) has full limit set, any Is(X)-invariant subspae has full boundary. Minimality
follows, sine boundary-minimality ensures that X possesses no proper subspae with full
boundary.
(iii) X is minimal by Lemma 3.13, hene boundary-minimal by (i), sine any oompat
spae has nite-dimensional boundary by [Kle99, Theorem C℄. 
4. Minimal invariant subspaes for subgroups
4.A. Existene of a minimal invariant subspae. For the reord, we reall the following
elementary dihotomy; a renement will be given in Theorem 4.3 below:
Proposition 4.1. Let G be a group ating by isometries on a proper CAT(0). Then either
G has a global xed point at innity, or any ltering family of non-empty losed onvex
G-invariant subsets has non-empty intersetion.
(Reall that a family of sets is ltering if it is direted by ontainment ⊇.)
Proof. (Remark 36 in [Mon06℄.) Suppose Y is suh a family, hoose x ∈ X and let xY
be its projetion on eah Y ∈ Y . If the net {xY }Y ∈Y is bounded, then
⋂
Y ∈Y Y is non-
empty. Otherwise it goes to innity and any aumulation point in ∂X is G-xed in view
of d(gxY , xY ) ≤ d(gx, x). 
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4.B. Dihotomy. Let G be a group ating by isometries on a omplete CAT(0) spae X.
Lemma 4.2. Given any two x, y ∈ X, the onvex losures of the respetive G-orbits of x
and y in X have the same boundary in ∂X.
Proof. Let Y be the onvex losure of the G-orbit of x. In partiular Y is the minimal losed
onvex G-invariant subset ontaining x. Given any losed onvex G-invariant subset Z, let
r = d(x,Z). Reall that the tubular losed neighbourhoodNr(Z) is onvex [BH99, II.2.5(1)℄.
Sine it is also G-invariant and ontains x, the minimality of Y implies Y ⊆ Nr(Z). 
This yields a anonial losed onvex G-invariant subset of the boundary ∂X, whih we
denote by ∆G. It ontains the limit set ΛG but is sometimes larger.
Combining what we established thus far with the splitting arguments from [Mon06℄, we
obtain a dihotomy:
Theorem 4.3. Let G be a group ating by isometries on a omplete CAT(0) spae X and
H < G any subgroup.
If H admits no minimal non-empty losed onvex invariant subset and X is proper, then:
(A.i) ∆H is a non-empty losed onvex subset of ∂X of intrinsi irumradius at most π/2.
(A.ii) If ∂X is nite-dimensional, then the normaliser NG(H) of H in G has a global
xed point in ∂X.
If H admits a minimal non-empty losed onvex invariant subset Y ⊆ X, then:
(B.i) The union Z of all suh subsets is a losed onvex NG(H)-invariant subset.
(B.ii) Z splits H-equivariantly and isometrially as a produt Z ≃ Y × C, where C is a
omplete CAT(0) spae whih admits a anonial NG(H)/H-ation by isometries.
(B.iii) If the H-ation on X is non-evanesent, then C is bounded and there is a anonial
minimal non-empty losed onvex H-invariant subset whih is NG(H)-stable.
(When X is proper, the non-evanesene ondition of (iii) simply means that H has no
xed point in ∂X; see [Mon06℄.)
Proof. In view of Lemma 4.2, the set ∆H is ontained in the boundary of any non-empty
losed onvex H-invariant set and is NG(H)-invariant. Thus the assertions (A.i) and (A.ii)
follow from Proposition 3.2, notiing that in a proper spae ∆H is non-empty unless H has
bounded orbits, in whih ase it xes a point, providing a minimal subspae. For (B.i),
(B.ii) and (B.iii), see Remarks 39 in [Mon06℄. 
4.C. Normal subgroups.
Proof of Theorem 1.10. We adopt the notation and assumptions of the theorem. By (A.ii),
N admits a minimal non-empty losed onvex invariant subset Y ⊆ X. This set is un-
bounded, sine otherwise N xes a point and thus by G-minimality XN = X, hene N = 1.
SineX is irreduible, points (B.i) and (B.ii) show Y = X and thus N ats indeed minimally.
Sine the displaement funtion of any g ∈ ZG(N) is a onvex N -invariant funtion, it is
onstant by minimality. Hene g is a Cliord translation and must be trivial sine otherwise
X splits o a Eulidean fator, see [BH99, II.6.15℄.
The derived subgroup N ′ = [N,N ] is also normal in G and therefore ats minimally by
the previous disussion, notiing that N ′ is non-trivial sine otherwise N ⊆ ZG(N). If
N xed a point at innity, N ′ would preserve all orresponding horoballs, ontraditing
minimality.
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Having established that N ats minimally and without xed point at innity, we an
apply the splitting theorem (Corollary 10 in [Mon06℄) and dedue from the irreduibility of
X that N does not split.
Finally, let R ✁ N be the amenable radial and observe that it is normal in G. The
theorem of AdamsBallmann [AB98a℄ states that R either (i) xes a point at innity or
(ii) preserves a Eulidean at in X. (Although their result is stated for amenable groups
without mentioning any topology, the proof applies indeed to every topologial group that
preserves a probability measure whenever it ats ontinuously on a ompat metrisable
spae.) If R is non-trivial, we know already from the above disussion that (i) is impossible
and that R ats minimally; it follows that X is a at. By irreduibility and sine X 6= R,
this fores X to be a point, ontraditing R 6= 1. 
Corollary 1.11 will be proved in Setion 5.B. For Corollary 1.12, it sues to observe
that the entraliser of any element of a disrete normal subgroup is open. Next, we reall
the following denition.
A subgroup N of a group G is asending if there is a family of subgroups Nα < G
indexed by the ordinals and suh that N0 = N , Nα ✁Nα+1, Nα =
⋃
β<αNβ if α is a limit
ordinal and Nα = G for α large enough. The smallest suh ordinal is the order.
Proposition 4.4. Consider a group ating minimally by isometries on a proper CAT(0)
spae. Then any asending subgroup without global xed point at innity still ats minimally.
Proof. We argue by transnite indution on the order ϑ of asending subgroups N < G, the
ase ϑ = 0 being trivial. Let X be a spae as in the statement. By Proposition 4.1, eah
Nα has a minimal set. If ϑ = ϑ
′ + 1, it follows from (B.iii) that Nϑ′ ats minimally and
we are done by indution hypothesis. Assume now that ϑ is a limit ordinal. For all α, we
denote as in (B.i) by Zα ⊆ X the union of all Nα-minimal sets. The indution hypothesis
implies that for all α ≤ β < ϑ, any Nβ-minimal set is Nα-minimal. Thus, if Z0 = Y0×C0 is
a splitting as in (B.ii) with a N -minimal set Y0, we have a nested family of deompositions
Zα = Y0 × Cα for a nested family of losed onvex subspaes Cα of the ompat CAT(0)
spae C0, indexed by α < ϑ. Thus, for any c ∈
⋂
α<ϑCα, the spae Y0 × {c} is G-invariant
and hene Y0 = X indeed. 
Remark 4.5. Proposition 4.4 holds more generally for omplete CAT(0) spaes if N is
non-evanesent. Indeed Proposition 4.1 hold in that generality (Remark 36 in [Mon06℄) and
C remains ompat in a weaker topology (Theorem 14 in [Mon06℄).
Proof of Theorem 1.13. In view of Theorem 1.10, it sues to prove that any non-trivial
asending subgroup N < G as in that statement still ats minimally and without global
xed point at innity. We argue by indution on the order ϑ and we an assume that ϑ is a
limit ordinal by Theorem 1.10. Then
⋂
α<ϑ(∂X)
Nα
is empty and thus by ompatness there
is some α < ϑ suh that (∂X)Nα is empty. Now Nα ats minimally on X by Proposition 4.4
and thus we onlude using the indution hypothesis. 
5. Algebrai and geometri produt deompositions
5.A. Preliminary deomposition of the spae. We shall prepare our spaes by means of
a geometri deomposition. For any geodesi metri spae with nite ane rank, Foertsh
Lythak [FL06℄ established a anonial deomposition generalising the lassial theorem
of de Rham [dR52℄. However, suh a statement fails to be true for CAT(0) spaes that
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are merely proper, due notably to ompat fators that an be innite produts. Never-
theless, using asymptoti CAT(0) geometry and Setion 3.A, we an adapt the arguments
from [FL06℄ and obtain:
Theorem 5.1. Let X be a proper CAT(0) spae with ∂X nite-dimensional and of ir-
umradius > π/2. Then there is a anonial losed onvex subset Z ⊆ X with ∂Z = ∂X,
invariant under all isometries, and admitting a anonial maximal isometri splitting
(5.i) Z ∼= Rn × Z1 × · · · × Zm (n,m ≥ 0)
with eah Zi irreduible and 6= R
0,R1. Every isometry of Z preserves this deomposition
upon permuting possibly isometri fators Zi.
Remark 5.2. It is well known that in the above situation the splitting (5.i) indues a
deomposition
Is(Z) = Is(Rn)×
((
Is(Z1)× · · · × Is(Zm)
)
⋊ F
)
,
where F is the permutation group of {1, . . . , d} permuting possible isometri fators amongst
the Yj . Indeed, this follows from the statement that isometries preserve the splitting upon
permutation of fators, see e.g. Proposition I.5.3(4) in [BH99℄. Of ourse, this does not a
priori mean that we have a unique, nor even anonial, splitting in the ategory of groups;
this shall however be established for Theorem 1.6.
The hypotheses of Theorem 5.1 are satised in some naturally ourring situations:
Corollary 5.3. Let X be a proper CAT(0) spae with nite-dimensional boundary.
(i) If Is(X) has no xed point at innity, then X possesses a subspae Z satisfying all
the onlusions of Theorem 5.1.
(ii) If Is(X) ats minimally, then X admits a anonial splitting as in 5.i.
Proof of Corollary 5.3. By Proposition 3.1, if Is(X) has no xed point at innity, then ∂X
has irumradius > π/2. By Proposition 3.11, the same onlusion holds is Is(X) ats
minimally. 
Proof of Theorems 1.9 and 5.1. For Theorem 5.1, we let Z ⊆ X be the anonial boundary-
minimal subset with ∂Z = ∂X provided by Corollary 3.10; we shall not use the irumradius
assumption any more. For Theorem 1.9, we let Z = X. The remainder of the argument is
ommon for both statements.
Realling that in omplete generality all isometries preserving the Eulidean fator de-
omposition [BH99, II.6.15℄, we an assume that Z has no Eulidean fator and shall obtain
the deomposition (5.i) with n = 0.
Sine Z is minimal amongst losed onvex subsets with ∂Z = ∂X, it has no non-trivial
ompat fator. On the other hand, any proper geodesi metri spae admits some maximal
produt deomposition into non-ompat fators. In onlusion, Z admits some maximal
splitting Z = Z1×· · ·×Zm with eah Zi irreduible and 6= R
0,R1. (This an fail in presene
of ompat fators).
It remains to prove that any other suh deomposition Z = Z ′1×· · ·×Z
′
m′ oinides with
the rst one after possibly permuting the fators (in partiular, m′ = m). We now borrow
from the argumentation in [FL06℄, indiating the steps and the neessary hanges. It is
assumed that the reader has a opy of [FL06℄ at hand but keeps in mind that our spaes
might lak the nite ane rank ondition assumed in that paper. We shall replae the
notion of ane subspaes with a large-sale partiular ase: a ne shall be any subspae
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isometri to a losed onvex ne in some Eulidean spae. This inludes the partiular
ases of a point, a ray or a full Eulidean spae.
Whenever a spae Y has some produt deomposition and Y ′ is a fator, write Y ′y ⊆ Y
for the orresponding bre Y ′y
∼= Y ′ through y ∈ Y . The following is an analogue of
Corollary 1.2 in [FL06℄.
Lemma 5.4. Let Y be a proper CAT(0) spae with nite-dimensional boundary and without
ompat fators. Suppose given two deompositions Y = Y1 × Y2 = S1 × S2 with all four
(Yi)y ∩ (Sj)y redued to {y} for some y ∈ Y . Then Y is a Eulidean spae.
Proof of Lemma 5.4. Any y ∈ Y is ontained in a maximal ne based at y sine ∂Y has
nite dimension; by abuse of language we all suh nes maximal. The arguments of
Setions 3 and 4 in [FL06℄ show that any maximal ne is retangular, whih means that it
inherit a produt struture from any produt deomposition of the ambient CAT(0) spae.
Speially, it sues to observe that the produt of two nes is a ne and that the
projetion of a ne along a produt deomposition of CAT(0) spaes remains a ne. (In
fat, the equality of slopes of Setion 4.2 in [FL06℄, namely the fat that parallel geodesi
segments in a CAT(0) spae have idential slopes in produt deompositions, is a general
fat for CAT(0) spaes. It follows from the onvexity of the metri, see for instane [Mon06,
Proposition 49℄ for a more general statement.) The dedution of the statement of Lemma 5.4
from the retangularity of maximal nes following [FL06℄ is partiularly short sine all
proper CAT(0) Banah spaes are Eulidean. 
Lemma 5.5. For a given z ∈ Z and any produt deomposition Z = S×S′, the intersetion
(Zi)z ∩ Sz is either {z} or (Zi)z.
Proof of Lemma 5.5. Write PS : Z → S and PZi : Z → Zi for the projetions and set
Fz = Sz ∩ (Zi)z. Following [FL06℄, dene T ⊆ Z by T = P
S(Fz) × S
′
. We ontend that
PZi(T ) has full boundary in Zi.
Indeed, given any point in ∂(Zi)z, we represent is by a ray r originating from z. We an
hoose a maximal ne in Z based at z and ontaining r. We know already that this ne
is retangular, and therefore the proof of Lemma 5.2 in [FL06℄ shows that PZi(r) lies in
PZi(T ), justifying our ontention.
We observe that Zi inherits from Z the property that it has no losed onvex proper
subset of full boundary. In onlusion, sine PZi(T ) is a onvex set, it is dense in Z.
However, aording to Lemma 5.1 in [FL06℄, it splits as PZi(T ) = PZi(Fz)×P
Zi(S′). Upon
possibly replaing PZi(S′) by its ompletion (whilst PZi(Fz) is already losed in Zi sine
PZi is isometri on (Zi)z), we obtain a splitting of the losure of P
Zi(T ), and hene of Zi.
This ompletes the proof of the lemma sine Zi is irreduible. 
Now the main argument runs by indution over m ≥ 2. Lemma 5.5 identies by indution
Zi with some Z
′
j . Indeed, Lemma 5.4 exludes that all pairwise intersetions redue to a
point sine Z has no Eulidean fator. 
5.B. Proof of Theorem 1.6 and Addendum 1.8. The following onsequene of the
solution to Hilbert's fth problem belongs to the mathematial lore.
Theorem 5.6. Let G be a loally ompat group with trivial amenable radial. Then G
possesses a anonial nite index open normal subgroup G† suh that G† = L×D, where L
is a onneted semi-simple Lie group with trivial entre and no ompat fators, and D is
totally disonneted.
ISOMETRY GROUPS OF NON-POSITIVELY CURVED SPACES: STRUCTURE THEORY 19
Proof. This follows from the GleasonMontgomeryZippin solution to Hilbert's fth prob-
lem and the fat that onneted semi-simple Lie groups have nite outer automorphism
groups. More details may be found for example in [Mon01,  11.3℄. 
Combining Theorem 5.6 with Theorem 1.10, we nd the statement given as Corollary 1.11
in the Introdution.
Theorem 5.7. Let X 6= R be an irreduible proper CAT(0) spae with nite-dimensional
Tits boundary and G < Is(X) any losed subgroup whose ation is minimal and does not
have a global xed point in ∂X.
Then G is either totally disonneted or an almost onneted simple Lie group with trivial
entre.
Proof. By Theorem 1.10, G has trivial amenable radial. Let G† be as in Theorem 5.6.
Applying Theorem 1.10 to this normal subgroup of G, dedue that we have either G† = L
with L simple or G† = D. 
We an now omplete the proof of Theorem 1.6 and Addendum 1.8 and we adopt their
notation. Sine Is(X) has no global xed point at innity, there is a anonial minimal
non-empty losed onvex Is(X)-invariant subset X ′ ⊆ X (Remarks 39 in [Mon06℄). We
apply Corollary 5.3 to Z = X ′ and Remark 5.2 to G = Is(Z), setting
G∗ = Is(Rn)× Is(Z1)× · · · × Is(Zm).
All the laimed properties of the resulting fator groups are established in Theorem 1.10,
Theorem 1.13 and Theorem 1.1 in [CM08b℄ (the proof of whih is ompletely independent
from the present onsiderations). Finally, the laim that any produt deomposition of G∗ is
a regrouping of the fators in (1.i) is established as follows. Notie that the G∗-ation on Z is
still minimal and without xed point at innity (this is almost by denition but alternatively
also follows from Theorem 1.10). Therefore, given any produt deomposition of G∗, we an
apply the splitting theorem (Corollary 10 in [Mon06℄) and obtain a orresponding splitting
of Z. Now the uniqueness of the deomposition of the spae Z (away from the Eulidean
fator) implies that the given deomposition of G∗ is a regrouping of the fators ourring
in Remark 5.2. 
5.C. CAT(0) spaes without Eulidean fator. For the sake of future referenes, we
reord the following onsequene of the results obtained thus far:
Corollary 5.8. Let X be a proper CAT(0) spae with nite-dimensional boundary and no
Eulidean fator, suh that G = Is(X) ats minimally without xed point at innity. Then
G has trivial amenable radial and any subgroup of G ating minimally on X has triv-
ial entraliser. Furthermore, given a non-trivial normal subgroup N ✁ G, any N -minimal
N -invariant losed subspae of X is a regrouping of fators in the deomposition of Ad-
dendum 1.8. In partiular, if eah irreduible fator of G is non-disrete, then G has no
non-trivial nitely generated losed normal subgroup.
Proof. The triviality of the amenable radial omes from the orresponding statement in
irreduible fators of X, see Theorem 1.10. By the seond paragraph of the proof of Theo-
rem 1.10, any subgroup of G ating minimally has trivial entraliser. The fat that minimal
invariant subspaes for normal subgroups are bres in the produt deomposition (1.ii) fol-
lows sine any produt deomposition of X is a regrouping of fators in (1.ii) and sine any
normal subgroup of G yields suh a produt deomposition by Theorem 4.3(B.i) and (B.ii).
Assume nally that eah irreduible fator in (1.i) is non-disrete and let N < G be a nitely
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generated losed normal subgroup. Then N is disrete by Baire's ategory theorem, and N
ats minimally on a bre, say Y , of the spae deomposition (1.ii). Therefore, the projetion
of N to Is(Y ) has trivial entraliser, unless N is trivial. Sine N is disrete, normal and
nitely generated, its entraliser is open. Sine Is(Y ) is non-disrete by assumption, we
dedue that N is trivial, as desired. 
6. Totally disonneted group ations
6.A. Smoothness. When onsidering ations of totally disonneted groups, a desirable
property is smoothness, namely that points have open stabilisers. This ondition is impor-
tant in representation theory, but also in our geometri ontext, see point (ii) of Corollary 6.3
below and [Cap07℄.
In general, this ondition does not hold, even for ations that are oompat, minimal and
without xed point at innity. An example will be onstruted in Setion 6.C in [CM08b℄.
However, we establish it under a rather ommon additional hypothesis. Reall that a metri
spae X is alled geodesially omplete (or said to have extensible geodesis) if every
geodesi segment of positive length may be extended to a loally isometri embedding of
the whole real line. The following ontains Theorem 1.2 from the Introdution.
Theorem 6.1. Let G be a totally disonneted loally ompat group with a minimal, on-
tinuous and proper ation by isometries on a proper CAT(0) spae X.
If X is geodesially omplete, then the ation is smooth. In fat, the pointwise stabiliser
of every bounded set is open.
Remark 6.2. In partiular, the stabiliser of a point ats as a nite group of isometries on
any given ball around this point in the setting of Theorem 6.1.
Corollary 6.3. Let X be a proper CAT(0) spae and G be a totally disonneted loally
ompat group ating ontinuously properly on X by isometries. Then:
(i) If the G-ation is oompat, then every element of zero translation length is ellipti.
(ii) If the G-ation is oompat and every point x ∈ X has an open stabiliser, then the
G-ation is semi-simple.
(iii) If the G-ation is oompat and X is geodesially omplete, then the G-ation is
semi-simple.
Proof of Corollary 6.3. Points (i) and (ii) follow readily from Theorem 6.1, see [Cap07,
Corollary 3.3℄.
(iii) In view of Lemma 3.13, this follows from Theorem 6.1 and (ii). 
The following is a key fat for Theorem 6.1:
Lemma 6.4. Let X be a geodesially omplete proper CAT(0) spae. Let (Cn)n≥0 be an
inreasing sequene of losed onvex subsets whose union C =
⋃
nCn is dense in X.
Then every bounded subset of X is ontained in some Cn; in partiular, C = X.
Proof. Suppose for a ontradition that for some r > 0 and x ∈ X the r-ball around x on-
tains an element xn not in Cn for eah n. We shall onstrut indutively a sequene {ck}k≥1
of pairwise r-disjoint elements in C with d(x, ck) ≤ 2r + 2, ontraditing the properness of
X.
If c1, . . . , ck−1 have been onstruted, hoose n large enough to that Cn ontains them
all and d(x,Cn) ≤ 1. Consider the (non-trivial) geodesi segment from xn to its nearest
point projetion xn on Cn; by geodesi ompleteness, it is ontained in a geodesi line and
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we hoose y at distane r + 1 from Cn on this line. Notie that xn ∈ [xn, y] and hene
d(y, x) ≤ 2r + 1. Moreover, d(y, ci) ≥ r + 1 for all i < k. Sine C is dense, we an hoose
ck lose enough to y to ensure d(ck, x) ≤ 2r + 2 and d(ck, ci) ≥ r for all i < k, ompleting
the indution step. 
End of proof of Theorem 6.1. The subset C ⊆ X onsisting of those points x ∈ X suh
that the stabiliser Gx is open is learly onvex and G-stable. By [Bou71, III  4 No 6℄, the
group G ontains a ompat open subgroup and hene C is non-empty. Thus C is dense
by minimality of the ation. Sine Is(X) is seond ountable, we an hoose a desending
hain Qn < G of ompat open subgroups whose intersetion ats trivially on X. Therefore,
C may be written as the union of an asending family of losed onvex subsets Cn ⊆ X,
where Cn is the xed point set of Qn. Now the statement of the theorem follows from
Lemma 6.4. 
6.B. Loally nite equivariant partitions and ellular deompositions. Let X be a
loally nite ell omplex and G be its group of ellular automorphisms, endowed with the
topology of pointwise onvergene on bounded subsets. Then G is a totally disonneted
loally ompat group and every bounded subset of X has an open pointwise stabiliser in
G. One of the interest of Theorem 6.1 is that it allows for a partial onverse to the latter
statement:
Proposition 6.5. Let X be a proper CAT(0) spae and G be a totally disonneted loally
ompat group ating ontinuously properly on X by isometries. Assume that the pointwise
stabiliser of every bounded subset of X is open in G. Then we have the following:
(i) X admits a anonial loally nite G-equivariant partition.
(ii) Denoting by σ(x) the piee supporting the point x ∈ X in that partition, we have
StabG(σ(x)) = NG(Gx) and NG(Gx)/Gx ats freely on σ(x).
(iii) If G\X is ompat, then so is StabG(σ(x))\σ(x) for all x ∈ X.
Proof. Consider the equivalene relation on X dened by
x ∼ y ⇔ Gx = Gy.
This yields a anonial G-invariant partition of X. We need to show that it is loally nite.
Assume for a ontradition that there exists a onverging sequene {xn}n≥0 suh that the
subgroups Gxn are pairwise distint. Let x = limn xn.
We laim that Gxn < Gx for all suiently large n. Indeed, upon extrating there would
otherwise exist a sequene gn ∈ Gxn suh that gn.x 6= x for all n. Upon a further extration,
we may assume that gn onverges to some g ∈ G. By onstrution g xes x. Sine Gx is
open by hypothesis, this implies that gn xes x for suiently large n, a ontradition. This
proves the laim.
By hypothesis the pointwise stabiliser of any ball entred at x is open. Thus Gx possesses
a ompat open subgroup U whih xes every xn. This implies that we have the inlusion
U < Gxn < Gx for all n. Sine the index of U in Gx is nite, there are only nitely many
subgroups of Gx ontaining U . This nal ontradition nishes the proof of (i).
(ii) Straightforward in view of the denitions.
(iii) Suppose for a ontradition that H\σ(x) is not ompat, where H = StabG(σ(x)). Let
then yn ∈ σ(x) be a sequene suh that d(yn,H.x) > n. Let now gn ∈ G be suh that
{gn.yn} is bounded, say of diameter C. By (i), the set {gnGyng
−1
n } is thus nite. Upon
extrating, we shall assume that it is onstant. Now, for all n < k, the element g−1n gk
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normalises Gyk = Gx and maps yk to a point at distane ≤ C from yn. In view of (ii), this
is absurd. 
Remark 6.6. The partition of X onstruted above is non-trivial whenever G does not at
freely. This is for example the ase whenever G is non-disrete and ats faithfully.
The piees in the above partition are generally neither bounded (even if G\X is ompat),
nor onvex, nor even onneted. However, if one assumes that the spae admits a suiently
large amount of symmetry, then one obtains a partition whih deserves to be viewed as an
equivariant ellular deomposition.
Corollary 6.7. Let X be a proper CAT(0) spae and G be a totally disonneted loally
ompat group ating ontinuously properly on X by isometries. Assume that the pointwise
stabiliser of every bounded subset of X is open in G, and that no open subgroup of G
xes a point at innity. Then X admits admits a anonial loally nite G-equivariant
deomposition into ompat onvex piees.
Proof. For eah x ∈ X, let τ(x) be the xed-point-set of Gx. Then τ(x) is learly onvex; it
is ompat by hypothesis. Furthermore the map x 7→ τ(x) is G-equivariant. The fat that
the olletion {τ(x) | x ∈ X} is loally nite follows from Proposition 6.5. 
6.C. Alexandrov angle rigidity. A further onsequene of Theorem 6.1 is a phenomenon
of angle rigidity. Given an ellipti isometry g of omplete a CAT(0) spae X and a point
x ∈ X, we denote by cg,x the projetion of x on the losed onvex set of g-xed points.
Proposition 6.8. Let G be a totally disonneted loally ompat group with a ontinuous
and proper oompat ation by isometries on a geodesially omplete proper CAT(0) spae
X. Then there is ε > 0 suh that for any ellipti g ∈ G and any x ∈ X with gx 6= x we
have ∠cg,x(gx, x) ≥ ε.
(We will later also prove an angle rigidity for the Tits angle, see Proposition 7.15.)
Proof. First we observe that this bound on the Alexandrov angle is really a loal property
at cg,x of the germ of the geodesi [cg,x, x] sine for any y ∈ [cg,x, x] we have cg,y = cg,x.
Next, we laim that for any n ∈ N, any isometry of order ≤ n of any omplete CAT(0)
spae B satises ∠cg,x(gx, x) ≥ 1/n for all x ∈ B that are not g-xed. Indeed, it follows
from the denition of Alexandrov angles (see [BH99, II.3.1℄) that for any y ∈ [cg,x, x] we
have
d(gy, y) ≤ d(cg,x, y)∠cg,x(gx, x).
Therefore, if ∠cg,x(gx, x) < 1/n, the entire g-orbit of y would be ontained in a ball around
y not ontaining cg,x = cg,y. This is absurd sine the irumentre of this orbit is a g-xed
point.
In order to prove the proposition, we now suppose for a ontradition that there are
sequenes {gn} of ellipti elements in G and {xn} in X with gnxn 6= xn and ∠cn(gnxn, xn)→
0, where cn = cgn,xn . Sine the G-ation is oompat, there is (upon extrating) a sequene
{hn} in G suh that hncn onverges to some c ∈ X. Upon onjugating gn by hn, replaing
xn by hnxn and cn by hncn, we an assume cn → c without loosing any of the onditions
on gx, xn and cn, inluding the relation cn = cgn,xn .
Sine d(gnc, c) ≤ 2d(cn, c), we an further extrat and assume that {gn} onverges to some
limit g ∈ G; notie also that g xes c. By Lemma 3.13, the ation is minimal and hene
Theorem 6.1 applies. Therefore, we an assume that all gn oinide with g on some ball B
around c and in partiular preserve B. Using Remark 6.2, this provides a ontradition. 
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A rst onsequene is an analogue of a result that E. Swenson proved for disrete groups
(Theorem 11 in [Swe99℄).
Corollary 6.9. Let G be a totally disonneted loally ompat group with a ontinuous and
proper oompat ation by isometries on a geodesially omplete proper CAT(0) spae X
not redued to a point.
Then G ontains hyperboli elements (thus in partiular elements of innite order).
Beyond the totally disonneted ase, we an appeal to Theorem 1.6 and Addendum 1.8
and state the following.
Corollary 6.10. Let G be any loally ompat group with a ontinuous and proper oompat
ation by isometries on a geodesially omplete proper CAT(0) spae X not redued to a
point.
Then G ontains elements of innite order; if moreover (∂X)G = ∅, then G ontains
hyperboli elements.
Proof of Corollary 6.9. Proposition 6.8 allows us use the argument form [Swe99℄: We an
hoose a geodesi ray r : R+ → X, an inreasing sequene {ti} going to innity in R+ and
{gi} in G suh that the funtion t 7→ gir(t + ti) onverges uniformly on bounded intervals
(to a geodesi line). For i < j large enough, the angle ∠h(r(ti))(r(ti), h
2(r(ti))) dened with
h = g−1i gj is arbitrarily lose to π. In order to prove that h is hyperboli, it sues to show
that this angle will eventually equal π. Suppose this does not happen; by Corollary 6.3(iii),
we an assume that h is ellipti. We set x = r(ti) and c = ch,x. Considering the ongruent
triangles (c, x, hx) and (c, hx, h2x), we nd that ∠c(x, hx) is arbitrarily small. This is in
ontradition with Proposition 6.8. 
Proof of Corollary 6.10. If the onneted omponent G◦ is non-trivial, then it ontains ele-
ments of innite order; if it is trivial, we an apply Corollary 6.9.
Assume now (∂X)G = ∅. Then Theorem 1.6 and Addendum 1.8 apply. Therefore, we
obtain hyperboli elements either from Corollary 6.9 or from the fat that any non-ompat
semi-simple group ontains elements that are algebraially hyperboli, ombined with the
fat that the latter at as hyperboli isometries. That fat is established in Theorem 7.4(i)
below, the proof of whih is independent of Corollary 6.10. 
6.D. Algebrai struture. Given a topologial group G, we dene its sole soc(G) as the
subgroup generated by all minimal non-trivial losed normal subgroups of G. Notie that G
might have no minimal non-trivial losed normal subgroup, in whih ase its sole is trivial.
We also reall that the quasi-entre of a loally ompat group G is the subset QZ (G)
onsisting of all those elements possessing an open entraliser. Clearly QZ (G) is a (topo-
logially) harateristi subgroup of G. Sine any element with a disrete onjugay lass
possesses an open entraliser, it follows that the quasi-entre ontains all disrete normal
subgroups of G.
Proposition 6.11. Let X be a proper CAT(0) spae without Eulidean fator and G <
Is(X) be a losed subgroup ating minimally oompatly without xed point at innity. If
G has trivial quasi-entre, then soc(G∗) is diret produt of r non-trivial harateristially
simple groups, where r is the number of irreduible fators of X and G∗ is the anonial
nite index open normal subgroup ating trivially on the set of fators of X.
The proof will use the following general fat inspired by a statement for tree automor-
phisms, Lemma 1.4.1 in [BM00℄.
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Proposition 6.12. Let G be a ompatly generated totally disonneted loally ompat
group without non-trivial ompat normal subgroups. Then any ltering family of non-
disrete losed normal subgroups has non-trivial (thus non-ompat) intersetion.
A variant of this proposition is proved in [CM08a℄; sine the proof is short, we give it for
the sake of ompleteness.
Proof of Proposition 6.12. Let g be a Shreier graph for G. We reall that it onsists in
hoosing any open ompat subgroup U < G (whih exists by [Bou71, III  4 No 6℄), dening
the vertex set of g as G/U and drawing edges aording to a ompat generating set whih is
a union of double osets modulo U ; see [Mon01,  11.3℄. Sine G has no non-trivial ompat
normal subgroup, the ontinuous G-ation on g is faithful. Let v0 be a vertex of g and
denote by v⊥0 the set of neighbouring verties. Sine G is vertex-transitive on g, it follows
that for any normal subgroup N ✁ G, the Nv0-ation on v
⊥
0 denes a nite permutation
group FN < Sym(v
⊥
0 ) whih, as an abstrat permutation group, is independent of the hoie
of v0. Therefore, if N is non-disrete, this permutation group FN has to be non-trivial sine
U is open and g onneted. Now a ltering family F of non-disrete normal subgroups
yields a ltering family of non-trivial nite subgroups of Sym(v⊥0 ). Thus the intersetion
of these nite groups is non-trivial. Let g be a non-trivial element in this intersetion. For
any N ∈ F , let Ng be the inverse image of {g} in Nv0 . Thus Ng is a non-empty ompat
subset of N for eah N ∈ F . Sine the family F is ltering, so are {Nv0 | N ∈ F} and
{Ng | N ∈ F}. The result follows, sine a ltering family of non-empty losed subsets of
the ompat set Gv0 has a non-empty intersetion. 
Evidently open normal subgroups form a ltering family; we an thus dedue:
Corollary 6.13. Let G be a ompatly generated loally ompat group without any non-
trivial ompat normal subgroup. If G is residually disrete, then it is disrete. 
Proof of Proposition 6.11. We rst observe that G∗ has no non-trivial disrete normal sub-
group. Indeed, suh a subgroup has nitely many G-onjugates, whih implies that eah
of its elements has disrete G-onjugay lass and hene belongs to QZ (G), whih was
assumed trivial.
Let now {Ni} be a hain of non-trivial losed normal subgroups of G
∗
. If Ni is totally
disonneted for some i, then the intersetion
⋂
iNi is non-trivial by Proposition 6.12.
Otherwise N◦i is non-trivial and normal in (G
∗)◦ for eah i, and the intersetion
⋂
iNi
is non-trivial by Theorem 1.6 (sine the latter desribes in partiular the possible normal
onneted subgroups of G∗). In all ases, Zorn's lemma implies that the ordered set of
non-trivial losed normal subgroups of G∗ possesses minimal elements.
Given two minimal losed normal subgroups M,M ′, the intersetion M ∩ M ′ is thus
trivial and, hene, so is [M,M ′]. Thus minimal losed normal subgroups of G∗ entralise
one another. We dedue from Corollary 5.8 that the number of minimal losed normal
subgroups is at most r.
Consider now an irreduible totally disonneted fator H of G∗. We laim that the
olletion of non-trivial losed normal subgroups of H forms a ltering family. Indeed,
given two suh normal subgroup N1, N2, then N1 ∩N2 is again a losed normal subgroup of
H. It is is trivial, then the ommutator [N1, N2] is trivial and, hene, the entraliser of N1 in
H is non-trivial, ontraditing Theorem 1.10. This onrms the laim. Thus the intersetion
of all non-trivial losed normal subgroups of H is non-trivial by Proposition 6.12. Clearly
this intersetion is the sole of H; it is lear we have just established that it is ontained
in every non-trivial losed normal subgroup of H. In partiular soc(H) is harateristially
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simple. The desired result follows, sine soc(H) is learly a minimal losed normal subgroup
of G∗. 
Theorem 6.14. Let X be a proper irreduible geodesially omplete CAT(0) spae. Let
G < Is(X) be a losed totally disonneted subgroup ating oompatly, in suh a way that
no open subgroup xes a point at innity. Then we have the following:
(i) Every ompat subgroup of G is ontained in a maximal one; the maximal ompat
subgroups fall into nitely many onjugay lasses.
(ii) QZ (G) = 1.
(iii) soc(G) is a non-disrete harateristially simple group.
Proof. (i) By Lemma 3.13, the ation is minimal and hene Theorem 6.1 applies. In par-
tiular, we an apply Corollary 6.7 and onsider the resulting equivariant deomposition.
Let Q < G be a ompat subgroup and x be a Q-xed point. If Gx is not ontained in
a maximal ompat subgroup of G, then there is an innite sequene (xn)n≥0 suh that
x0 = x and Gxn ⊆ Gxn+1 . By Corollary 6.7, the sequene xn leaves every bounded subset.
Sine the xed points XGxn form a nested sequene, it follows that XGx is unbounded. In
partiular its visual boundary ∂(XGx) is non-empty and the open subgroup Gx has a xed
point at innity. This ontradits the hypotheses, and the laim is proved. Notie that
a similar argument shows that for eah x ∈ X, there are nitely many maximal ompat
subgroups Qi < G ontaining Gx.
The fat that G possesses nitely many onjugay lasses of maximal ompat subgroups
now follows from the ompatness of G\X.
(ii) We laim that QZ (G) is topologially loally nite, whih means that every nite
subset of it is ontained in a ompat subgroup. The desired result follows sine it is then
amenable but G has trivial amenable radial by Theorem 1.10. Let S ⊆ QZ (G) be a nite
subset. Then G possesses a ompat open subgroup U entralising S. By hypothesis the
xed point set of U is ompat. Sine 〈S〉 stabilises XU , it follows that 〈S〉 is ompat,
whene the laim.
(iii) Follows from (ii) and Proposition 6.11. 
7. Coompat CAT(0) spaes
7.A. Fixed points at innity. We begin with a simple observation. We reall that two
points at innity are opposite if they are the two endpoints of a geodesi line. We denote
by ξop the set of points opposite to ξ. Reall from [Bal95, Theorem 4.11(i)℄ that, if X is
proper, then two points ξ, η ∈ ∂X at Tits distane > π are neessarily opposite. (Reall
that Tits distane is by denition the length metri assoiated to the Tits angle.) However,
it is not true in general that two points at Tits distane π are opposite.
Proposition 7.1. Let X be a proper CAT(0) spae and H < Is(X) a losed subgroup ating
oompatly. If H xes a point ξ at innity, then ξop 6= ∅ and H ats transitively on ξop.
Proof. First we laim that there is a geodesi line σ : R → X with σ(∞) = ξ. Indeed, let
r : R+ → X
′
be a ray pointing to ξ and {gn} a sequene in H suh that gnr(n) remains
bounded. The ArzelàAsoli theorem implies that gnr(R+) subonverges to a geodesi line
in X. Sine ξ is xed by all gn, this line has an endpoint at ξ.
Let now σ′ : R → X be any other geodesi with σ′(∞) = ξ and hoose a sequene
{hn}n∈N in H suh that d(hnσ(−n), σ
′(−n)) remains bounded. By onvexity and sine
all hn x ξ, d(hnσ(t), σ
′(t)) is bounded for all t and thus subonverges (uniformly for t in
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bounded intervals). On the one hand, it implies that {hn} has an aumulation point h.
On the other hand, it follows that hσ(−∞) = σ′(−∞). 
Reall that any omplete CAT(0) spae X admits a anonial splitting X = X ′ × V
preserved by all isometries, where V is a (maximal) Hilbert spae alled the Eulidean
fator of X, see [BH99, II.6.15(6)℄. Furthermore, there is a anonial embedding X ′ ⊆
X ′′×V ′, where V ′ is a Hilbert spae generated by all diretions inX ′ pointing to at points
at innity, namely points for whih the Busemann funtions are ane on X ′; moreover,
every isometry of X ′ extends uniquely to an isometry of X ′′ × V ′ whih preserves that
splitting. This is a result of AdamsBallmann [AB98a, Theorem 1.6℄, who all V ′ the
pseudo-Eulidean fator (one ould also propose Eulidean pseudo-fator).
Corollary 7.2. Let X be a proper CAT(0) spae with a oompat group of isometries.
Then the pseudo-Eulidean fator of X is trivial.
Proof. In view of the above disussion, X ′ is also a proper CAT(0) spae with a oompat
group of isometries. The set of at points in ∂X ′ admits a anonial (intrinsi) irumentre
ξ by Lemma 1.7 in [AB98a℄. In partiular, ξ is xed by all isometries and therefore, by
Proposition 7.1, it has an opposite point, whih is impossible for a at point unless it lies
already in the Eulidean fator (see [AB98a℄). 
Proposition 7.3. Let G be a group ating oompatly by isometries on a proper CAT(0)
spae X without Eulidean fator and assume that the stabiliser of every point at innity
ats minimally on X. Then G has no xed point at innity.
Proof. If G has a global xed point ξ, then the stabiliser Gη of an opposite point η ∈ ξ
op
(whih exists by Proposition 7.1) preserves the union Y ⊆ X of all geodesi lines onneting
ξ to η. By [BH99, II.2.14℄, this spae is onvex and splits as Y = R × Y0. Sine Gη ats
minimally, we dedue Y = X whih provides a Eulidean fator. 
7.B. Ations of simple algebrai groups. Let X be a CAT(0) spae and G be an alge-
brai group dened over the eld k. An isometri ation of G(k) on X is alled algebrai
if every (algebraially) semi-simple element g ∈G(k) ats as a semi-simple isometry.
WhenG is semi-simple, we denote byXmodel the Riemannian symmetri spae or Bruhat
Tits building assoiated with G(k).
Theorem 7.4. Let k be a loal eld and G be an absolutely almost simple simply onneted
k-group. Let X be a non-ompat proper CAT(0) spae on whih G = G(k) ats ontinuously
by isometries.
Assume either: (a) the ation is oompat; or: (b) it has full limit set, is minimal and
∂X is nite-dimensional. Then:
(i) The G-ation is algebrai.
(ii) There is a G-equivariant bijetion ∂X ∼= ∂Xmodel whih is an isometry with re-
spet to Tits' metri and a homeomorphism with respet to the ne topology. This
bijetion extends to a G-equivariant rough isometry β : Xmodel → X.
(iii) If X is geodesially omplete, then X is isometri to Xmodel.
(iv) For any semi-simple k-subgroup L < G, there non-empty losed onvex subspae
Y ⊆ X minimal for L = L(k); moreover, there is no L-xed point in ∂Y .
In the above point (ii), a rough isometry refers to a map β : Xmodel → X suh that
there is a onstant C with
dXmodel(x, y)− C ≤ dX(β(x), β(y)) ≤ dXmodel(x, y) + C
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for all x, y ∈ Xmodel and suh that β(Xmodel) has nite odiameter in X. Suh a map is
also alled a (1, C)-quasi-isometry.
Remarks 7.5.
(i) Notie that there is no assumption on the k-rank of G in this result.
(ii) We reall for (b) that minimality follows from full limit set in the geodesially
omplete ase (Lemma 3.13).
(iii) In the ontext of (ii), we reall that in general two CAT(0) spaes with the same
oompat isometry group need not have homeomorphi boundaries [CK00℄.
(iv) A posteriori, point (ii) shows in partiular that the ation is also oompat under
the assumption (b).
Before proeeding to the proof, we give two examples showing that the assumptions made
in Theorem 7.4 are neessary.
Example 7.6. Without the assumption of geodesi ompleteness, it is not true in general that,
in the setting of the theorem, the spae X ontains a losed onvex G-invariant subspae
whih is isometri to Xmodel. A simple example of this situation may obtained as follows.
Consider the ase where k is non-Arhimedean and G has k-rank one. Let 0 < r < 1/2 and
let X be the spae obtained by replaing the r-ball entred at eah vertex in the tree Xmodel
by an isometri opy of a given Eulidean n-simplex, where n + 1 is valene of the vertex.
In this way, one obtains a CAT(0) spae whih is still endowed with an isometri G-ation
that is oompat and minimal, but learly X is not isometri to Xmodel.
We do not know whether suh a onstrution may also be performed in the Arhimedean
ase (see Problem 7.2 in [CM08b℄).
Example 7.7. Under the assumptions (b), minimality is needed. Indeed, we laim that for
any CAT(0) spae X0 there is a anonial CAT(−1) spae X (in partiular X is a CAT(0)
spae) together with a anonial map i : Is(X0) →֒ Is(X) with the following properties: The
boundary ∂X is redued to a single point; X non-ompat; X is proper if and only if X0 is
so; the map i is an isomorphism of topologial groups onto its image. This laim justies
that minimality is needed sine we an apply it to the ase where X0 is the symmetri spae
or BruhatTits building assoiated toG(k). (In that ase the ation has indeed full limit set,
a heap feat as the isometry group is non-ompat and the boundary rather inapaious.)
To prove the laim, onsider the paraboli ne Y assoiated to X0. This is the metri
spae with underlying set X0×R
∗
+ where the distane is dened as follows: given two points
(x, t) and (x′, t′) of Y , identify the interval [x, x′] ⊆ X0 with an interval of orresponding
length in R and measure the length from the resulting points (x, t) and (x′, t′) in the upper
half-plane model for the hyperboli plane. This is a partiular ase of the syntheti version
([Che99℄, [AB98b℄) of the BishopO'Neill warped produts [BO69℄ and its properties are
desribed in [BGP92℄, [AB04, 1.2(2A)℄ and [HLS00,  2℄. In partiular, Y is CAT(−1).
We now let ξ ∈ ∂Y be the point at innity orresponding to t → ∞ and dene X ⊆ Y
to be an assoiated horoball; for deniteness, set X = X0× [1,∞). We now have ∂X = {ξ}
by the CAT(−1) property or alternatively by the expliit desription of geodesi rays (e.g.
2(iv) in [HLS00℄). The remaining properties follow readily.
Proof of Theorem 7.4. We start with a few preliminary observations. Finite-dimensionality
of the boundary always holds sine it is automati in the oompat ase. Sine X is non-
ompat, the ation is non-trivial, beause it has full limit set. It is well known that every
non-trivial ontinuous homomorphism of G to a loally ompat seond ountable group is
proper [BM96, Lemma 5.3℄. Thus the G-ation on X is proper.
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We laim that the stabiliser of any point ξ ∈ ∂X ontains the unipotent radial of some
proper paraboli subgroup of G. Indeed, x a polar deomposition G = KTK. Let x0 ∈ X
be a K-xed point. Choose a sequene {gn}n≥0 of elements of G suh that gn.x0 onverges
to ξ. Write gn = kn.an.k
′
n with kn, k
′
n ∈ K and an ∈ T . We may furthermore assume,
upon replaing {gn} by a subsequene, that {kn} onverges to some k ∈ K, that {an.x0}
onverges in X ∪ ∂X and that {an.p} onverges in Xmodel ∪ ∂Xmodel, where p ∈ Xmodel is
some base point. Let η = limn→∞ an.x0 and observe η = k
−1ξ. Furthermore, the stabiliser
of η ontains the group
U = {g ∈ G | lim
n→∞
a−1n gan = 1}.
The onvergene in diretion of {an} in T implies that U ontains the unipotent radial
UQ of the paraboli subgroup Q < G orresponding to limn→∞ an.p ∈ ∂Xmodel. (In fat,
the arguments for Lemma 2.4 in [Pra77℄ probably show U = UQ; this follows a posteriori
from (ii) below.) Therefore, the stabiliser of ξ = k.η in G ontains the unipotent radial of
kQk−1, proving the laim.
Notie that we have seen in passing that any point at innity lies in the limit set of some
torus; in the above notation, ξ is in the limit set of kTk−1.
(i) Every element of G whih is algebraially ellipti ats with a xed point in X, sine it
generates a relatively ompat subgroup. We need to show that every non-trivial element of
a maximal split torus T < G ats as a semi-simple isometry. Assume for a ontradition that
some element t ∈ T ats as a paraboli isometry. Sine X has nite-dimensional boundary
and we an apply Corollary 3.3(ii). It follows that the Abelian group T has a anonial
xed point at innity ξ xed by the normaliser NG(T ). By the preeding paragraph, we
know furthermore that the stabiliser of ξ in G also ontains the unipotent radial of some
paraboli subgroup of G. Reall that G is generated by NG(T ) together with any suh
unipotent radial: this follows from the fat that NG(T ) has no xed point at innity in
Xmodel and that G is generated by the unipotent radials of any two distint paraboli
subgroups. Therefore ξ is xed by the entire group G. Sine G has trivial Abelianisation,
its image under the Busemann harater entred at ξ vanishes, thereby showing that G must
stabilise every horoball entred at ξ. This is absurd both in the minimal and the oompat
ase.
(ii) Let T < G be a maximal split torus. Let Fmodel ⊆ Xmodel be the (maximal) at
stabilised by T . In view of (i) and the properness of the T -ation, we know that T also
stabilises a at F ⊆ X with dimF = dimT , see [BH99, II.7.1℄. Choose a base point
p0 ∈ Fmodel in suh a way that its stabiliser K := Gp0 is a maximal ompat subgroup of
G. The union of all T -invariant ats whih are parallel to F is NG(T )-invariant. Therefore,
upon replaing F by a parallel at, we may  and shall  assume that F ontains a point
x0 whih is stabilised by NK := NG(T ) ∩K. Note that, sine NG(T ) = 〈NK ∪ T 〉, the at
F is NG(T )-invariant. Therefore, there is a well dened NG(T )-equivariant map α of the
NG(T )-orbit of p0 to F , dened by α(g.p0) = g.x0 for all g ∈ NG(T ).
We laim that, up to a saling fator, the map α is isometri and indues an NG(T )-
equivariant isometry α : Fmodel → F . In order to establish this, remark that the Weyl
group W := NG(T )/ZG(T ) ats on F , sine W = NK/TK , where TK := ZG(T ) ∩K ats
trivially on F . The group NK normalises the oroot lattie Λ < T . Furthermore NK .Λ ats
on Fmodel as an ane Weyl group sine NK .Λ/TK ∼= W ⋉Λ. Moreover, sine any reetion
in W entralises an Abelian subgroup of orank 1 in Λ, it follows that NK .Λ ats on F as a
disrete reetion group. But a given ane Weyl group has a unique (up to saling fator)
disrete oompat ation as a reetion group on Eulidean spaes, as follows from [Bou68,
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Ch. VI,  2, Proposition 8℄. Therefore the restrition of α to Λ.x0 is a homothety. Sine Λ
is a uniform lattie in T , the laim follows.
At this point, it follows that α indues an NG(T )-equivariant map ∂α : ∂Fmodel → ∂F ,
whih is isometri with respet to Tits' distane. We reall that NG(T ) is the stabiliser
of ∂Fmodel in G. Morover, for any η ∈ ∂Fmodel, the stabilisers in G of η is ontained
in that of α(η) beause of the geometri desription of paraboli subgroups alluded to in
the preliminary observation: see the argument for Lemma 2.4 in [Pra77℄. Therefore, ∂α
extends to a well dened G-equivariant map ∂Xmodel → ∂X, whih we denote again by
∂α. Sine any two points of ∂Xmodel are ontained in a ommon maximal sphere (i.e. an
apartment), and sine G ats transitively on these spheres, the map ∂α is isometri, beause
so is its restrition to the sphere ∂Fmodel. Note that ∂α is surjetive: indeed, this follows
from the last preliminary observation, whih, ombined with (i), shows in partiular that
∂X = K.∂F .
We now show that ∂α is a homeomorphism with respet to the ne topology. Sine
∂Xmodel is ompat, it is enough to show that ∂α is ontinuous. Now any onvergent
sequene in ∂Xmodel may be written as {kn.ξn}n≥0, where {kn}n≥0 (resp. {ξn}n≥0) is a
onvergent sequene of elements of K (resp. ∂Fmodel). On the sphere ∂Fmodel, the ne
topology oinides with the one indued by Tits' metri. Therefore, the equivariane of the
Tits' isometry ∂α shows that {∂α(kn.ξn)}n≥0 is a onvergent sequene in ∂X, as was to be
proved.
We next laim that that G-ation on X is oompat even under the assumption (b).
Towards a ontradition, assume otherwise. Choose a sequene {yn} in X with y0 a K-
xed point and suh that d(yn, g.y0) ≥ n for all g ∈ G. Upon replaing yn (n ≥ 1) by an
appropriate G-translate, we an and shall assume that moreover
(7.i) d(yn, y0) ≤ d(yn, g.y0) + c ∀ g ∈ G,n ≥ 1,
where c is some onstant. Upon extrating a subsequene, the sequene {yn} onverges
to some point η ∈ ∂X. It was established above that ∂X = K.∂F ; in partiular there
exists k ∈ K suh that k.η ∈ ∂F . Now, upon replaing yn by k.yn, we obtain a sequene
{yn} whih still satises all above onditions but whih onverges to a boundary point η
′
of the at F . Let r : R+ → F be a geodesi ray pointing towards η
′
. Sine NG(T ) ats
oompatly on the at F , it follows from (7.i) that for some onstant c′, we have
(7.ii) d(yn, y0) ≤ d(yn, r(t)) + c
′ ∀ t ≥ 0, n ≥ 1.
Fix now s > d(y0, r(0)) + c
′
. For n suiently large, let zn be the point on [r(0), yn] at
distane s of r(0). We have
d(yn, r(s)) ≤ d(yn, zn) + d(zn, r(s))
= d(yn, r(0)) − s+ d(zn, r(s))
< d(yn, r(0)) − d(y0, r(0)) − c
′ + d(zn, r(s))
≤ d(yn, y0)− c
′ + d(zn, r(s)).
As n goes to innity, this provides a ontradition to (7.ii) sine zn onverges to r(s); thus
oompatness is established.
It remains for (ii) to prove that ∂α extends to a G-equivariant rough isometry β :
Xmodel → X. The orbital map g 7→ g.y0 assoiated to y0 yields a map β : G/K → X;
when k is Arhimedean, Xmodel = G/K whereas we extend β linearly to eah hamber of
the building Xmodel in the non-Arhimedean ase. It is a well-known onsequene of oom-
patness that the G-equivariant map β : Xmodel → X is a quasi-isometry (see e.g. the proof
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of the Milnorvar lemma given in [BH99, I.8.19℄). For our stronger statement, it sues,
in view of the KTK deomposition and of equivariane, to prove that there is a onstant
C ′ suh that
dXmodel(a.p0, p0)−C
′ ≤ dX(a.y0, y0) ≤ dXmodel(a.p0, p0) + C
′
for all a ∈ T . This follows from the fat that β and α are at bounded distane from eah
other on Fmodel (indeed, at distane d(y0, x0)) and that β is isometri on Fmodel.
(iii) In the higher rank ase, assertion (iii) follows from (ii) and the main result of [Lee00℄.
However, the full strength of lo. it. is really not needed here, sine the main diulty
there is preisely the absene of any group ation, whih is part of the hypotheses in our
setting. For example, when the ground eld k is the eld of real numbers, the arguments
may be dramatially shortened as follows; they are valid without any rank assumption.
Given any ξ ∈ ∂X, the unipotent radial of the paraboli subgroup Gξ ats sharply
transitively on the boundary points opposite to ξ. In view of this and of the properness of
the G-ation, the arguments of [Lee00, Proposition 4.27℄ show that geodesi lines in X do
not branh; in other words X has uniquely extensible geodesis. From this, it follows that
the group NK = NG(T ) ∩K onsidered in the proof of (ii) has a unique xed point in X,
sine otherwise it would x pointwise a geodesi line, and hene, by (ii), opposite points in
∂Xmodel. The fat that this is impossible is purely a statement on the lassial symmetri
spae Xmodel; we give a proof for the reader's onveniene:
Let Fmodel be the at orresponding to T and p0 ∈ Fmodel be the K-xed point. If
NK xed a point ξ ∈ ∂Xmodel, then the ray [p0, ξ) would be pointwise xed and, hene,
the group NK would x a non-zero vetor in the tangent spae of Xmodel at p0. A Cartan
deomposition g = k⊕p of the Lie algebra g of G yields an isomorphism between the isotropy
representation of NK on Tp0Xmodel and the representation of the Weyl group W on p. An
easy expliit omputation shows that the latter representation has no non-zero xed vetor.
Sine NK has a unique xed point, the latter is stabilised by the entire group K. Hene
K xes a point lying on a at F stabilised by T . From the KTK-deomposition, it follows
that the G-orbit of this xed point is onvex. Sine the G-ation on X is minimal by
geodesi ompleteness (Lemma 3.13), we dedue that G is transitive on X. In partiular X is
overed by ats whih are G-onjugate to F , and the existene of a G-equivariant homothety
Xmodel → X follows from the existene of a NG(T )-equivariant homothety Fmodel → F ,
whih has been established above. It remains only to hoose the right sale on Xmodel to
make it an isometry.
In the non-Arhimedean ase, we onsider only the rank one ase, referring to [Lee00℄ for
higher rank. Let K be a maximal ompat subgroup of G and x0 ∈ X be a K-xed point.
By (ii), the group K ats transitively on ∂X. Sine X is geodesially omplete, it follows
that the K-translates of any ray emanating from x0 over X entirely. On the other hand
every point in X has an open stabiliser by Theorem 6.1, any point in X has a nite K-orbit.
This implies that the spae of diretions at eah point p ∈ X is nite. In other words X is
1-dimensional. Sine X is CAT(0) and loally ompat, it follows that X is a loally nite
metri tree. As we have just seen, the group K ats transitively on the geodesi segments
of a given length emanating from x0. One dedues that G is transitive on the edges of X.
In partiular all edges of X have the same length, whih we an assume to be as in Xmodel,
G has at most two orbits of verties, and X is either regular or bi-regular. The valene of
any vertex p equals
ming 6∈NG(Gp)
[
Gp : Gp ∩ gGpg
−1
]
,
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and oinides therefore with the valene of Xmodel. It nally follows that X and Xmodel are
isometri, as was to be proved.
(iv) Let P be a k-paraboli subgroup of G that is minimal amongst those ontaining L.
We may assume P 6= G sine otherwise L has no xed point in ∂X and the onlusion
holds in view of Proposition 4.1. It follows that L entralises a k-split torus T of positive
dimension d. It follows from (i) that T = T(k) ats by hyperboli isometries, and thus
there is a T -invariant losed onvex subset Z ⊆ X of the form Z = Z1 × R
d
suh that
the T -ation is trivial on the Z1 fator; this follows from Theorem II.6.8 in [BH99℄ and the
properness of the ation. Moreover, L preserves Z and its deomposition Z = Z1 × R
d
,
ating by translations on the Rd fator (lo. it.). Sine L is semi-simple, this translation
ation is trivial and thus L preserves any Z1 bre, say for instane Z0 := Z1 × {0} ⊆ Z.
For both the existene of a minimal set Y and the ondition (∂Y )L = ∅, it sues to show
that L has no xed point in ∂Z0 (Proposition 4.1).
We laim that ∂Z0 is Tits-isometri to the spherial building of the Lévi subgroup ZG(T).
Indeed, we know from (ii) that ∂X is equivariantly isometri to ∂Xmodel and the building of
ZG(T) is haraterised as the points at distane π/2 from the boundary of the T -invariant
at in ∂Xmodel.
On the other hand, L has maximal semi-simple rank in ZG(T) by the hoie of P and
therefore annot be ontained in a proper paraboli subgroup of ZG(T). This shows that
L has no xed point in ∂Z0 and ompletes the proof. 
7.C. No branhing geodesis. Reall that in a geodesi metri spae X, the spae of
diretions Σx at a point x is the ompletion of the spae Σ˜x of geodesi germs equipped with
the Alexandrov angle metri at x. If X has uniquely extensible geodesis, then Σ˜x = Σx.
The following is a result of V. Berestovskii [Ber02℄ (we read it in [Ber,  3℄; it also follows
from A. Lythak's arguments in [Lyt05,  4℄).
Theorem 7.8. Let X be a proper CAT(0) spae with uniquely extensible geodesis and
x ∈ X. Then Σ˜x = Σx is isometri to a Eulidean sphere. 
We use this result to establish the following.
Proposition 7.9. Let X be a proper CAT(0) spae with uniquely extensible geodesis. Then
any totally disonneted losed subgroup D < Is(X) is disrete.
Proof. There is some ompat open subgroup Q < D, see [Bou71, III  4 No 6℄. Let x
be a Q-xed point. The isometry group of Σx is a ompat Lie group by Theorem 7.8
and thus the image of the pronite group Q in it is nite. Let thus K < Q be the kernel
of this representation, whih is open. Denote by S(x, r) the r-sphere around x. The Q-
equivariant visual map S(x, r)→ Σx is a bijetion by unique extensibility. It follows that
K is trivial. 
We are now ready for:
End of proof of Theorem 1.1. Sine the ation is oompat, it is minimal by Lemma 3.13.
The fat that extensibility of geodesis is inherited by diret fators of the spae follows
from the haraterisation of geodesis in produts, see [BH99, I.5.3(3)℄. Eah fator Xi is
thus a symmetri spae in view of Theorem 7.4(iii). By virtue of Corollary 6.3(iii), the
totally disonneted fators Dj at by semi-simple isometries.
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Assume now that X has uniquely extensible geodesis. For the same reason as before,
this property is inherited by eah diret fator of the spae. Thus eah Dj is disrete by
Proposition 7.9. 
Theorem 7.10. Let X be a proper irreduible CAT(0) spae with uniquely extensible geodesis.
If X admits a non-disrete group of isometries with full limit set but no global xed point at
innity, then X is a symmetri spae.
The ondition on xed points at innity is neessary in view of E. Heintze's examples [Hei74℄
of negatively urved homogeneous manifolds whih are not symmetri spaes. In fat these
spaes onsist of ertain simply onneted soluble Lie groups endowed with a left-invariant
negatively urved Riemannian metri.
Proposition 7.11. Let X be a proper CAT(0) spae with uniquely extensible geodesis.
Then ∂X has nite dimension.
Proof. Let x ∈ X and reall that by Berestovskii's result quoted in Theorem 7.8 above, Σx is
isometri to a Eulidean sphere. By denition of the Tits angle, the visual map ∂X → Σx
assoiating to a geodesi ray its germ at x is Tits-ontinuous (in fat, 1-Lipshitz). It is
furthermore injetive (atually, bijetive) by unique extensibility. Therefore, the topologial
dimension of any ompat subset of ∂X is bounded by the dimension of the sphere Σx. The
laim follows now from Kleiner's haraterisation of the dimension of spaes with urva-
ture bounded above in terms of the topologial dimension of ompat subsets (Theorem A
in [Kle99℄). 
Proof of Theorem 7.10. By Lemma 3.13, the ation of G := Is(X) is minimal. In view of
Proposition 7.11, the boundary ∂X is nite-dimensional. Thus we an apply Theorem 1.6
and Addendum 1.8. Sine X is irreduible and non-disrete, Proposition 7.9 implies that
G is an almost onneted simple Lie group (unless X = R, in whih ase X is indeed a
symmetri spae). We onlude by Theorem 7.4. 
7.D. No open stabiliser at innity. The following statement sums up some of the pre-
eding onsiderations:
Corollary 7.12. Let X be a proper geodesially omplete CAT(0) spae without Eulidean
fator suh that some losed subgroup G < Is(X) ats oompatly. Suppose that no open
subgroup of G xes a point at innity. Then we have the following:
(i) X admits a anonial equivariant splitting
X ∼= X1 × · · · ×Xp × Y1 × · · · × Yq
where eah Xi is a symmetri spae and eah Yj possesses a G-equivariant loally
nite deomposition into ompat onvex ells.
(ii) G possesses hyperboli elements.
(iii) Every ompat subgroup of G is ontained in a maximal one; the maximal ompat
subgroups fall into nitely many onjugay lasses.
(iv) QZ (G) = 1; in partiular G has no non-trivial disrete normal subgroup.
(v) soc(G∗) is a diret produt of p+ q non-disrete harateristially simple groups.
Proof. (i) Follows from Theorem 1.1 and Corollary 6.7.
(ii) Clear from Corollary 6.10.
(iii) and (iv) Immediate from (i) and Theorem 6.14(i) and (ii).
(v) Follows from (i), (iv) and Proposition 6.11. 
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7.E. Coompat stabilisers at innity. We undertake the proof of Theorem 1.3 whih
desribes isometrially any geodesially omplete proper CAT(0) spae suh that the sta-
biliser of every point at innity ats oompatly.
Remark 7.13. (i) The formulation of Theorem 1.3 allows for symmetri spaes of Eulidean
type. (ii) A BassSerre tree is a tree admitting an edge-transitive automorphism group;
in partiular, it is regular or bi-regular (the regular ase being a speial ase of Eulidean
buildings).
Lemma 7.14. Let X be a proper CAT(0) spae suh that the stabiliser of every point at
innity ats oompatly on X. For any ξ ∈ ∂X, the set of η ∈ ∂X with ∠T(ξ, η) = π is
ontained in a single orbit under Is(X).
Proof. Write G = Is(X). In view of Proposition 7.1 applied to Gξ, it sues to prove that
the G-orbit of any suh η ontains a point opposite to ξ. By denition of the Tits angle,
there is a sequene {xn} in X suh that ∠xn(ξ, η) tends to π. Sine Gξ ats oompatly,
it ontains a sequene {gn} suh that, upon extrating, gnxn onverges to some x ∈ X
and gnη to some η
′ ∈ ∂X. The angle semi-ontinuity arguments given in the proof of
Proposition II.9.5(3) in [BH99℄ show that ∠x(ξ, η
′) = π, realling that all gn x ξ. This
means that there is a geodesi σ : R→ X through x with σ(−∞) = ξ and σ(∞) = η′. On
the other hand, sine Gη is oompat in G, the G-orbit of η is losed in the ne topology.
This means that there is g ∈ G with η′ = gη, as was to be shown. 
We shall need another form of angle rigidity (ompare Proposition 6.8), this time for Tits
angles.
Proposition 7.15. Let X be a geodesially omplete proper CAT(0) spae, G < Is(X) a
losed totally disonneted subgroup and ξ ∈ ∂X. If the stabiliser Gξ ats oompatly on
X, then the G-orbit of ξ is disrete in the Tits topology.
Proof. Suppose for a ontradition that there is a sequene {gn} suh that gnξ 6= ξ for all n
but ∠T(gnξ, ξ) tends to zero. Sine Gξ is oompat, we an assume that gn onverges in G;
sine the Tits topology is ner than the ne topology for whih the G-ation is ontinuous,
the limit of gn must x ξ and we an therefore assume gn → 1. Let B ⊆ X be an open ball
large enough so that Gξ.B = X. Sine by Lemma 3.13 we an apply Theorem 6.1, there is
no loss of generality in assuming that eah gn xes B pointwise.
Let c : R+ → X be a geodesi ray pointing towards ξ with c(0) ∈ B. For eah n there is
rn > 0 suh that c and gnc branh at the point c(rn). In partiular, gn xes c(rn) but not
c(rn + ε) no matter how small ε > 0. We now hoose hn ∈ Gξ suh that xn := hnc(rn) ∈ B
and notie that the sequene kn := hngnh
−1
n is bounded sine kn xes xn. We an therefore
assume upon extrating that it onverges to some k ∈ G; in view of Theorem 6.1, we an
further assume that all kn oinide with k on B and in partiular k xes all xn. Sine
∠T(knξ, ξ) = ∠T(gnξ, ξ), we also have k ∈ Gξ . Considering any given n, it follows now that
k xes the ray from xn to ξ. Thus kn xes an initial segment of this ray at xn. This is
equivalent to gn xing an initial segment at c(rn) of the ray from c(rn) to ξ, ontrary to our
onstrution. 
Here is a rst indiation that our spaes might resemble symmetri spaes or Eulidean
buildings:
Proposition 7.16. Let X be a proper CAT(0) spae suh that that the stabiliser of every
point at innity ats oompatly on X. Then any point at innity is ontained in an
isometrially embedded standard n-sphere in ∂X, where n = dim∂X.
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Proof. Let η ∈ ∂X. There is some standard n-sphere S isometrially embedded in ∂X
beause X is oompat (Theorem C in [Kle99℄). By Lemma 3.1 in [BL05℄, there is ξ ∈ S
with ∠T(ξ, η) = π. Let ϑ ∈ S be the antipode in S of ξ. In view of Lemma 7.14, there is
an isometry sending ϑ to η. The image of S ontains η. 
We need one more fat for Theorem 1.3. The boundary of a CAT(0) spae need not be
omplete, regardless of the geodesi ompleteness of the spae itself; however, this is the
ase in our situation in view of Proposition 7.16:
Corollary 7.17. Let X be a proper CAT(0) spae suh that that the stabiliser of every point
at innity ats oompatly on X. Then ∂X is geodesially omplete.
Proof. Suppose for a ontradition that some Tits-geodesi ends at ξ ∈ ∂X and let B ⊆
∂X be a small onvex Tits-neighbourhood of ξ; in partiular, B is ontratible. Sine by
Proposition 7.16 there is an n-sphere through ξ for n = dim ∂X, the relative homology
Hn(B,B \ {ξ}) is non-trivial. Our assumption implies that B \ {ξ} is ontratible by using
the geodesi ontration to some point η ∈ B \ {ξ} on the given geodesi ending at ξ.
This implies Hn(B,B \ {ξ}) = 0, a ontradition. (This argument is adapted from [BH99,
II.5.12℄.) 
End of proof of Theorem 1.3. We shall use below that produt deompositions preserve ge-
odesi ompleteness (this follows e.g. from [BH99, I.5.3(3)℄). We an redue to the ase
where X has no Eulidean fator. By Lemma 3.13, the group G = Is(X) as well as all sta-
bilisers of points at innity at minimally. In partiular, Proposition 7.3 ensures that G has
no xed point at innity and we an apply Theorem 1.6 and Addendum 1.8. Therefore, we
an from now on assume that X is irreduible. If the identity omponent G◦ is non-trivial,
then Theorem 1.1 (see also Theorem 7.4(iii)) ensures that X is a symmetri spae, and we
are done. We assume heneforth that G is totally disonneted.
For any ξ ∈ ∂X, the olletion Ant(ξ) = {η : ∠T(ξ, η) = π} of antipodes is ontained in
a G-orbit by Lemma 7.14 and hene is Tits-disrete by Proposition 7.15. This disreteness
and the geodesi ompleteness of the boundary (Corollary 7.17) are the assumptions needed
for Proposition 4.5 in [Lyt05℄, whih states that ∂X is a building. Sine X is irreduible,
∂X is not a (non-trivial) spherial join, see Theorem II.9.24 in [BH99℄. Thus, if this building
has non-zero dimension, we onlude from the main result of [Lee00℄ that X is a Eulidean
building of higher rank.
If on the other hand ∂X is zero-dimensional, then we laim that it is homogeneous under
G. Indeed, we know already that for any given ξ ∈ ∂X, the set Ant(ξ) lies in a single orbit.
Sine in the present ase Ant(ξ) is simply ∂X \ {ξ}, the laim follows from the fat that G
has no xed point at innity.
We have to show that X is an edge-transitive tree. To this end, onsider any point x ∈ X.
The isotropy group Gx is open by Theorem 6.1. In partiular, sine G ats transitively on
∂X and sine Gξ is oompat, it follows that Gx has nitely many orbits in ∂X. Let
ρ1, . . . , ρk be geodesi rays emanating from x and pointing towards boundary points whih
provide a omplete set of representatives for the Gx-orbits. For r > 0 suiently large, the
various intersetions of the rays ρ1, . . . , ρk with the r-sphere Sr(x) entred at x forms a set
of k distint points. This set is a fundamental domain for the Gx-ation on Sr(x). Sine Gx
has disrete orbits on Sr(x), we dedue from Theorem 6.1 that the sphere Sr(x) is nite.
Sine this holds for any r > 0 suiently large and any x ∈ X, it follows that every sphere
in X is nite. This implies that X is 1-dimensional (see [Kle99℄). In other words X is a
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metri tree. We denote by V the set of branh points whih we shall all the verties. It
remains to show that G has at most two orbits on V .
Given ξ′ ∈ ∂X, let βξ′ : Gξ′ → R denote the Busemann harater entred at ξ
′
(see
 2). Sine X is a oompat tree, it follows that βξ′ has disrete image. Let g ∈ Gξ′ be
an element suh that βξ′(g) is positive and minimal. Then g is hyperboli and translates a
geodesi line L. Let ξ′′ denote the endpoint of L distint from ξ.
Let v ∈ L be any vertex. We denote by e′ and e′′ the edges of L ontaining v and pointing
respetively to ξ′ and ξ′′. Give any edge e ontaining v with e′ 6= e 6= e′′, we prolong e to
a geodesi ray ρ whose intersetion with L is redued to {v}. Sine Gξ′ is transitive on
∂X \ {ξ′} there exists g′ ∈ Gξ′ suh that g
′.ξ′′ = ρ(∞). Upon pre-omposing g′ with a
suitable power of g, we may assume that βξ′(g
′) = 0. In other words g′ xes v. This shows
that Gξ′,v is transitive on the edges ontaining v and dierent from e
′
.
The same argument with ξ′ and ξ′′ interhanged shows that Gξ′′,v is transitive on the edges
ontaining v and dierent from e′′. In partiular Gv is transitive on the edges ontaining v.
A straightforward indution on the distane to v now shows that for any vertex w ∈ V ,
the isotropy group Gw is transitive on the edges ontaining w. This implies that G is indeed
edge-transitive. 
8. A few ases of CAT(0) superrigidity
This Setion demonstrates that ertain forms of superrigidity an be obtained by om-
bining the struture results of this paper with known superrigidity tehniques. Muh more
general results will be established in the ompanion paper [CM08b℄.
8.A. CAT(0) superrigidity for some lassial non-uniform latties. Let Γ be a non-
uniform lattie in a simple (real) Lie group G of rank at least 2. By [LMR00, Theorem 2.15℄,
unipotent elements of Γ are exponentially distorted. This means that, with respet to any
nitely generating set of Γ, the word length of |un| is an O(log n) when u is a unipotent.
More generally an element u is alled distorted if |un| is sublinear. If Γ is virtually boundedly
generated by unipotent elements, one an therefore apply the following xed point priniple:
Lemma 8.1. Let Γ be a group whih is virtually boundedly generated by distorted elements.
Then any isometri Γ-ation on a omplete CAT(0) spae suh that elements of zero trans-
lation length are ellipti has a global xed point.
Proof. For any Γ-ation on a CAT(0) spae, the translation length of a distorted element is
zero. Thus every suh element has a xed point; the assumption on Γ now implies that all
orbits are bounded, thus providing a xed point [BH99, II.2.8(1)℄. 
Bounded generation is a strong property, whih onjeturally holds for all (non-uniform)
latties of a higher rank semi-simple Lie group. It is known to hold for arithmeti groups in
split or quasi-split algebrai groups of a number eld K of K-rank ≥ 2 by [Tav90℄, as well
as in a few ases of isotropi but non-quasi-split groups [ER06℄.
As notied in a onversation with Sh. Mozes, Lemma 8.1 yields the following elementary
superrigidity statement.
Proposition 8.2. Let Λ = SLn(Z[
1
p1···pk
]) with n ≥ 3 and pi distint primes and set H =
SLn(Qp1)× · · · × SLn(Qpk).
Given any isometri Λ-ation on any omplete CAT(0) spae suh that every element of
zero translation length is ellipti, there exists a Λ-invariant losed onvex subspae on whih
the given ation extends uniquely to a ontinuous H-ation by isometries.
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Proof. Let X be a omplete CAT(0) spae endowed with a Λ-ation as in the statement.
The subgroup Γ = SLn(Z) < Λ xes a point by Lemma 8.1. The statement now follows
beause Γ is the intersetion of Λ with the open subgroup SLn(Zp1)× · · · × SLn(Zpk) of H;
for later use, we isolate this elementary fat as Lemma 8.3 below. 
Lemma 8.3. Let H be a topologial group, U < H an open subgroup, Λ < H a dense
subgroup and Γ = Λ ∩ U . Any Λ-ation by isometries on a omplete CAT(0) spae with
a Γ-xed point admits a Λ-invariant losed onvex subspae on whih the ation extends
ontinuously to H.
Proof. Let X be the CAT(0) spae and x0 ∈ X a Γ-xed point. For any nite subset F ⊆ Λ,
let YF ⊆ X be the losed onvex hull of Fx0. The losed onvex hull Y of Λx0 is the losure
of the union Y∞ of the direted family {YF }. Therefore, sine the ation is isometri and
Y is omplete, it sues to show that the Λ-ation on Y∞ is ontinuous for the topology
indued on Λ by H. Equivalently, it sues to prove that all orbital maps Λ → Y∞ are
ontinuous at 1 ∈ Λ. This is the ase even for the disrete topology on Y∞ beause the
pointwise xator of eah YF is an intersetion of nitely many onjugates of Γ, the latter
being open by denition. 
The same arguments as below show that Theorem 1.14 holds for any lattie of a higher-
rank semi-simple Lie group whih is boundedly generated by distorted elements (and a-
ordingly Theorem 1.15 generalises to suitable (S-)arithmeti groups).
Proof of Theorems 1.14 and 1.15. We start with the ase Γ = SLn(Z). By Theorem 1.1, we
obtain a losed onvex subspae X ′ whih splits as a diret produt
X ′ ∼= X1 × · · · ×Xp × Y0 × Y1 × · · · × Yq
in an Is(X ′)-equivariant way, where Y0 ∼= R
n
is the Eulidean fator. Eah totally dison-
neted fator Di of Is(X
′)∗ ats by semi-simple isometries on the orresponding fator Yi of
X ′ by Corollary 6.3. Therefore, by Lemma 8.1 for eah i = 0, . . . , q, the indued Γ-ation
on Yi has a global xed point, say yi. In other words Γ stabilises the losed onvex subset
Z := X1 × · · · ×Xp × {y0} × · · · × {yq} ⊆ X.
Note that the isometry group of Z is an almost onneted semi-simple real Lie group L.
Combining Lemma VII.5.1 and Theorems VII.5.15 and VII.6.16 from [Mar91℄, it follows
that the Zariski losure of the image of Γ in L is a ommuting produt L1.L2, where L1
is ompat, suh that the orresponding homomorphism Γ → L2 extends to a ontinuous
homomorphism G→ L2. We dene Y ⊆ Z as the xed point set of L1. Now L2, and hene
Γ, stabilises Y . Therefore the ontinuous homomorphism G → L2 yields a G-ation on Y
whih extends the given Γ-ation, as desired.
Applying Theorem 7.4 point (iv) to the pair L2 < L ating on Z, we nd in partiular
that L2 has no xed point at innity in Y . Thus, upon replaing Y by a subspae, it is
L2-minimal. Now Theorem 2.4 in [CM08b℄ (whih is ompletely independent of the present
onsiderations) implies that the Γ- and G-ations on Y are minimal and without xed point
in ∂Y (although there might be xed points in ∂X).
Turning to Theorem 1.15, the only hange is that one replaes Lemma 8.1 by Proposi-
tion 8.2. 
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8.B. CAT(0) superrigidity for irreduible latties in produts. The aim of this se-
tion is to state a version of the superrigidity theorem [Mon06, Theorem 6℄ with CAT(0)
targets. The original statement from lo. it. onerns ations of latties on arbitrary
CAT(0) spaes, with redued unbounded image. The following statement shows that, when
the underlying CAT(0) spae is nie enough, the assumption on the ation an be onsid-
erably weakened.
We reall for the statement that any isometri ation on a proper CAT(0) spae without
globel xed point at innity admits a anonial minimal non-empty losed onvex invariant
subspae, see Remarks 39 in [Mon06℄.
Theorem 8.4. Let Γ be an irreduible uniform (or square-integrable weakly oompat)
lattie in a produt G = G1 × · · · ×Gn of n ≥ 2 loally ompat σ-ompat groups. Let X
be a proper CAT(0) spae with nite-dimensional boundary.
Given any Γ-ation on X without xed point at innity, if the anonial Γ-minimal subset
Y ⊆ X has no Eulidean fator, then the Γ-ation on Y extends to a ontinuous G-ation
by isometries.
Remark 8.5. Although the above ondition on the Eulidean fator in the Γ-minimal sub-
spae Y might seem awkward, it annot be avoided, as illustrated by Example 64 in [Mon06℄.
Notie however that if Γ has the property that any isometri ation on a nite-dimensional
Eulidean spae has a global xed (for example if Γ has Kazhdan's property (T)), then any
minimal Γ-invariant subspae has no Eulidean fator.
Proof of Theorem 8.4. Let Y ⊆ X be the anonial subspae realled above. Then Is(Y )
ats minimally on Y , without xed point at innity. In partiular we may apply Theorem 1.6
and Addendum 1.8. In order to show that the Γ-ation on Y extends to a ontinuous G-
ation, it is suient to show that the indued Γ-ation on eah irreduible fator of Y
extends to a ontinuous G-ation, fatoring through some Gi. But the indued Γ-ation on
eah irreduible fator of Y is redued by Corollary 3.8. Thus the result follows from [Mon06,
Theorem 6℄. 
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